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PREFACE.

In this small treatise I wish to submit to the

judgment of those interested in the progress of

logical science a notion which has often forced

itself upon my mind during the last few years.

All acts of reasoning seem to me to be different

cases of one uniform process, which may perhaps

be best described as the substitution of similars.

This phrase clearly expresses that familiar mode in

which we continually argue by analogy from like

\to like, and take one thing as a representative of

another. The chief difficulty consists in showing

that all the forms of the old logic, as well as the

fundamental rules of mathematical reasoning, may

be explained upon the same principle; and it is to

this difficult task I have devoted the most attention.

The new and wonderful results of the late Dr.
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Boole's mathematical system of Logic appear to

develop themselves as most plain and evident

consequences of the self-same process of substi-

tution, when applied to the Primary Laws of

Thought. Should my notion be true, a vast mass

of technicalities may be swept from our logical

text-books, and yet the small remaining part of

logical doctrine will prove far more useful than all

the learning of the Schoolmen.
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THE SUBSTITUTION OF SIMILARS

THE

TRUE PRINCIPLE OF REASONING.

ARISTOTLE is, perhaps, the greatest of human
authors, but we may apply to him the words of

Bacon, "Let great authors have their due, as Time,

the author of authors, be not deprived of his due,

\ which is farther and farther to discover truth."

Aristotle has had his due in the obedience of more

than twenty centuries, and Time must not be

deprived of his due. Men, whose birthright is the

increasing result of reason, are not to be bound for

ever by the dictum of a thinker who lived but a

little after the dawn of scientific thought. We are

not to be persuaded any longer to look upon

the highest of the sciences as a dead science.

Logic is the science of the laws of thought itself,

and there is no sphere of observation and reflection

which is more peculiarly open to any inquirer, than

B



2 THE SUBSTITUTION OF SIMILARS,

the inquirer's own mind as engaged in the process

of reasoning. It is from reflection on the opera-

tions of his own mind that Aristotle must have

drawn the materials of his memorable Analytics.

But Bentham's mind, as he himself remarked,

was equally open to Bentham, 1 and it would be

slavery indeed if any dictum of the first of logi-

cians were to deprive all his successors of the

liberty of inquiry.

2. It may be said, perhaps, that the weaker

cannot possibly push beyond the stronger, and it is

willingly allowed that among us moderns can few

or none be found to equal in individual strength of

intellect the great men of old. But Time is on our

side. Though we reverence them as the ancients,

they really lived in the childhood of the human

race, and these times are, as Bacon would have said,

the ancient times. 2 We enjoy not only the best

1 " Essay on Logic," Bentham's works, vol. viii. p. 218.

2 " De antiquitate autem, opinio quam homines de ipsa fovent,

negligens omnino est, et vix verbo ipsi congrua. Mundi enim

senium et grandsevitas pro antiquitate vere habenda sunt
; qua

temporibus nostris tribui debent, non juniori setati mundi, qualis

apud antiquos fuit. Ilia enim setas respectu nostri, antiqua et

major; respectu mundi ipsius, nova et minor fuit. Atque revera

quemadmodum majorem rerum humanarum notitiam, et maturius

judicium, ab homine sene expectamus, quam a juvene, propter

experientiam, et rerum quas vidit et audivit, et cogitavit, varietatem

et copiam ; eodem modo et a nostra setate (si vires suas nosset, et
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intellectual riches of the Greeks and Romans, but

also the wonderful additions to the physical and

mathematical sciences made since the revival of

letters. In our time we possess an almost com-

plete comprehension of many parts of physical

science which seemed to Socrates, the wisest of

men, beyond the powers of the human mind. We
have before us an abundance of examples of the

modes in which solid and undoubted truths may
be attained, and it is absurd to suppose that among

such successful exertions of the human intellect we

can find no materials for a newer analytic of the

mental operations.

3. The mathematics especially present the ex-

ample of a great branch of abstract science, evolved

almost wholly from the mind itself, in which the

Greeks indeed excelled, but in which modern

knowledge passes almost infinitely beyond their

highest efforts. Intellects so lofty and acute as

those of Euclid or Diophantus or Archimedes

reached but the few first steps on the way to the

widening generalizations of modern mathema-

ticians ; and what reason is there to suppose

experiri et intendere vellet) majora multo quam a priscis temporibus

expectari par est ; utpote astate mundi grandiore, et infinitis experi-

ments et observationibus aucta et cumulata."

—

Novum Organum,

Lib. i. Aphor. 84.

B 2



4 THE SUBSTITUTION OF SIMILARS,

that Aristotle, however great, should at a single

bound have reached the highest generalizations of

a closely kindred science of human thought ?

4. Kant indeed was no intellectual slave, and it

might well seem discouraging to logical speculators

that he considered logic unimproved in his day

since the time of Aristotle, and indeed declared

that it could not be improved except in perspicuity.

But his opinions have not prevented the improve-

ment of logical doctrine, and are now effectually

disproved. A succession of eminent men,—Jeremy

Bentham, George Bentham, Sir William Hamilton,

Professor De Morgan, Archbishop Thomson, and

the late Dr. Boole,—have shown that in the opera-

tions and the laws of thought there is a wide and

fertile area of investigation. Bentham did more

than assert our freedom of inquiry ; in his uncouth

logical writings are to be foqnd most original hints,

and in editing his papers his nephew George

Bentham pointed out the all-important key to a

thorough logical reform, the quantification of the

predicate} Sir William Hamilton, Archbishop

Thomson, and Professor De Morgan rediscovered

and developed the same new idea. Dr. Boole, lastly,

employing this fundamental idea as his starting

1 See " Outline of a New System of Logic," by George Bentham,

Esq., London, 1827, p. 133 ^ scq.
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point, worked out a mathematical system of logical

inference of extraordinary originality.

5. Of the logical system of Mr. Boole Professor

De Morgan has said in his " Budget of Paradoxes :

" * —
"I might legitimately have entered it among my
paradoxes, or things counter to general opinion :

but it is a paradox which, like that of Copernicus,

excited admiration from its first appearance. That

the symbolic processes of algebra, invented as

tools of numerical calculation, should be compe-

tent to express every act of thought, and to furnish

the grammar and dictionary of an all-containing

system of logic, would not have been believed

until it was proved. When Hobbes, in the time of

the Commonwealth, published his ' Computation

or Logique,' he had a remote glimpse of some of

the points which are placed in the light of da)-

v by Mr. Boole. The unity of the forms of thought

in all the applications of reason, however remotely

separated, will one day be matter of notoriety and

common wonder ; and Boole's name will be remem-

bered in connexion with one of the most important

steps towards the attainment of this knowledge."

6. I need hardly name Mr. Mill, because he has

expressly disputed the utility and even the truth-

fulness of the reforms which I am considering, and

\

1 No. xxiii. Athcnaum. Ul
OF THB
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6 THE SUBSTITUTION OF SIMILARS,

has evolved most divergent opinions of his own

in a wholly different direction from the eminent

men just mentioned.

7. In the lifetime of a generation still living the

dull and ancient rule of authority has thus been

shaken, and the immediate result is a perfect

chaos of diverse and original speculations. Each

logician has invented a logic of his own, so marked

by peculiarities of his individual mind, and his

customary studies, that no reader would at first

suppose the same subject to be treated by all

Yet they treat of the same science, and, with the

exception of Mr. Mill, they start from almost the

same discovery in that science. Modern logic has

thus become mystified by the diversity of views,

and by the complication and profuseness of the

formulae invented by the different authors named.

The quasi-mathematical methods of Dr. Boole

especially are so mystical and abstruse, that they

appear to pass beyond the comprehension and

criticism of most other writers, and are calmly

ignored. No inconsiderable part of a lifetime is

indeed needed to master thoroughly the genius

and tendency of all the recent English writings

on Logic, and we can scarcely wonder that the

plain and scanty outline of Aldrich, or the

sensible but unoriginal elements of Whately,
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continue to be the guides of a logical student,

while the works of De Morgan or of Boole are

sealed books.

8. The nature of the great discovery alluded to,

the quantification of the predicate, cannot be ex-

plained without introducing the technical terms

of the science. A proposition, or judgment ex-

pressed in words, consists of a predicate or attribute

united by a copula to a subject. In this proposition,

All metals are elements,

the predicate element is asserted of the subject

metal, and the force of the assertion consists, as

usually considered, in making the class of metals

a part of the class of elements. The verb, or

copula, are, denotes inclusion of the metals among

the elements. But the subject only is quantified
;

for it is stated that all metals are elements, but it

X
is not stated what proportion of the elements may

be metals. Now the quantification of the predi-

cate consists in giving some indication of the

^ quantity or portion of the predicate really involved

in the judgment.

All metals are some elements

is the same proposition thus quantified, and, though

the change seems trifling, the consequences are

momentous. The proposition no longer asserts
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the inclusion of one class in the other, but the

identity of group with group. The proposition

becomes an equation of subject and predicate,

and the significance of this change will be fully

apparent only to those who see that logical science

thus acquires a point of contact with mathematical

science. Nor is it only in a single point that the

two great abstract sciences meet. Dr. Boole's re-

markable investigations prove that, when once we

view the proposition as an equation, all the de-

ductions of the ancient doctrine of logic, and

many more, may be arrived at by the processes

of algebra. Logic is found to resemble a calculus

in which there are only two numbers, o and I, and

the analogy of the calculus of quality or fact and

the calculus of quantity proves to be perfect.

Here, in all probability, we shall meet a new

instance of the truth observed by Baden Powell,

that all the greatest advances in science have arisen

from combining branches of science hitherto dis-

tinct, and in showing the unity of principles

pervading them.1

9. And yet any one acquainted with the systems

of the modern logicians must feel that something

is still wanting. So much diversity and obscurity

are no usual marks of truth, and it is almost

J Baden Powell, " Unity of the Sciences," p. 41.
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incredible that the true general system of inference

should be beyond the comprehension of nearly

every one, and therefore incapable of affecting or-

dinary thinkers. I am thus led to believe that the

true clue to the analogy of mathematics and logic

has not hitherto been seized, and I write this tract

•to submit to the reader's judgment whether or

not I have been able to detect this clue.

1 o. During the last two or three years the thought

has constantly forced itself upon my mind, that

the modern logicians have altered the form of

Aristotle's proposition without making any corre-

sponding alteration in the dictum or self-evident

principle which formed the fundamental postulate

of his system. They have thus got the right form

of the proposition, but not the right way of using

it. Aristotle regarded the proposition as stating

the inclusion of one term or class within another

;

and his axiom was perfectly adapted to this view.

The so-called Dictum de omni is, in Latin phrase,

as follows

—

Quicquid de omni valet, valet etiam de quibusdam

et singulis.

And the corresponding Dictum de nullo is

similarly

—

Quicquid de nullo valet, nee de quibtisdam nee de

singulis valet.
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In English these dicta are usually stated some-

what as follows :

—

Whatever is predicated affirmatively or negatively

of a whole class may be predicated of anything con-

tained i7i that class. Or, as Sir W. Hamilton more

. briefly expresses them, What pertains to the higher

class pertains also to the lower}

These dicta, then, enable us to pass from the

predicate to the subject, and to affirm of the

subject whatever we know or can affirm of the

predicate. But we are not authorized to pass in

the other direction, from the subject to the pre-

dicate, because the proposition states the inclusion

of the subject in the predicate, and not of the

predicate in the subject.

The proposition,

All metals are elements,

taken in connexion with the dictum de omni

authorizes us to apply to all metals whatever

knowledge we may have of the nature of elements,

because metals are but a subordinate class included

among the elements ; and, therefore, possessing all

the properties of elements. But we commit an

obvious fallacy if we argue in the opposite direc-

tion, and infer of elements what we know only of

1 " Lectures on Logic," vol. i. p. 303.
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metals. This is neither authorized by Aristotle's

dictum, nor would it be in accordance with fact.

Aristotle's postulate is thus perfectly adapted to

his view of the nature of a proposition, and his

system of the syllogism was admirably worked

out in accordance with the same idea.

ii. But recent reformers of logic have pro-

foundly altered our view of the proposition. They

teach us to regard it as an equation of two terms,

formerly called the subject and predicate, but

which, in becoming equal to each other, cease to be

distinguishable as such, and become convertible.

Should not logicians have altered, at the same

time and in a corresponding manner, the postulate

according to which the proposition is to be em-

ployed ? Ought we not now to say that whatever

is known of either term of the proposition is

known and may be asserted of the other ? Does

not the dictum, in short, apply in both directions,

now that the two terms are indifferently subject

and predicate?

12. To illustrate this we may first quantify the

predicate of our own former example, getting the

proposition,

All metals are some elements,

.where the copula are means no longer are con-

tamed among, but are identical with; or availing
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ourselves of the sign = in a meaning closely

analogous to that which it bears in mathematics,

we may express the proposition more clearly as,

A 11 metals = some elements.

It is now evident that whatever we know of a

certain indefinite part of the elements we know of

all metals, and whatever we know of all metals we

know of a certain indefinite part of the elements.

We seem to have gained no advantage by the

change ; and if we are asked to define more

exactly what part of the elements we are speaking

of, we can only answer, Those which, are metals.

The formula

All metals = all metallic elements

is a more clear statement of the same proposition

with the predicate quantified ; for while it asserts

an identity it implies the inclusion of metals

among elements. But it is an accidental pecu-

liarity of this form that the dictum only applies

usefully in one direction, since if we already know

what metals are we must know them to be metallic

elements, the adjective metallic including in its

meaning all that can be known of metals; and

from knowing that metals are metallic elements

we gain no clue as to what part of the properties
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of metals belong to elements. But it is hardly too

much to say that Aristotle committed the greatest

and most lamentable of all mistakes in the history

of science when he took this kind of proposition

as the true type of all propositions, and founded

thereon his system. It was by a mere fallacy of

accident that he was misled ; but the fallacy once

committed by a master-mind became so rooted in

the minds of all succeeding logicians, by the in-

fluence of authority, that twenty centuries have

therebybeen rendered a blank in the history of logic.

13. Aristotle ignored the existence of an infinite

number of definitions and other propositions which

do not share the peculiarity of the example we

have taken. If we define elements as substances

wJiich cannot be decomposed} this definition is of the

form

—

Elements — nndecomposable substances ;

and since the term element does not occur in the

second member, we may apply the dictum usefully

in both directions. Whatever we know of the

term element we may assert of the distinct term

nndecomposable substance ; and, vice versa, whatever

we know of the term nndecomposable substance we

may assert of element.

1 In strictness we should add, by our present means.
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The example,

Iron is the most useful of the metals;

hardly needs quantification of the predicate, for it

is evidently of the form

—

Iron ae the most useful of the metals,

the terms being both singular terms, and con-

vertible with each other. We may evidently infer

of both terms what we know of either. If we join

to the above the similar proposition,

Iron = the cheapest of the metals,

we are easily enabled to infer that the cheapest of

the metals = the most useful of the metals, since by

the dictum we know of iron that it is the cheapest

of the metals ; and this we are enabled to assert

of the most useful, and vice versd. These are

almost self-evident forms of reasoning, and yet

they were neither the foundation of Aristotle's

system, nor were they included in the superstruc-

ture of that system. His syllogism was therefore

an edifice in which the corner-stone itself was

omitted, and the true system is to be created by

supplying this omission, and re-erecting the edifice

from the very foundation.

14. I am thus led to take the equation as the

fundamental form of reasoning, and to modify
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Aristotle's dictum in accordance therewith. It

may then be formulated somewhat as follows :

—

Whatever is known of a term may be stated of its

equal or equivalent.

Or in other words,

Whatever is true of a thing is true of its like,

I must beg of the reader not to prejudge the

value of this very evident axiom. It is derived

from Aristotle's dictum by omitting the distinction

of the subject and predicate ; and it may seem to

have become thereby even a more transparent

truism than the original, which has been con-

demned as such by Mr. J. S. Mill and some others.

But the value of the formula must be judged by

its results ; and I do not hesitate to assert that it

not only brings into harmony all the branches of

logical doctrine, but that it unites them in close

analogy to the corresponding parts of mathematical

method. All acts of mathematical reasoning may,

I believe, be considered but as applications of a

corresponding axiom of quantity ; and the force of

the axiom may best be illustrated in the first

place by looking at it in its mathematical

aspect.

15. The axiom indeed with which Euclid begins

to build presents at first sight little or no resem-
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blance to the modified dictum. The axiom asserts

that

Things equal to the same thing are equal to each

other.

In symbols,

a = b = c

gives a = c.

Here two equations are apparently necessary in

order that an inference may be evolved ; and there

is something peculiar about the threefold symme-

trical character of the formula which attracts the

attention, and prevents the true nature of the

process of mind from being discovered. We get

hold of the true secret by considering that an

inference is equally possible by the use of a single

equation, but that when there is no equation no

inference at all can be drawn. Thus if we use the

sign lt to denote the existence of an inequality or

difference, then one equality and one inequality,

as in

a = b j^ c,

enable us to infer an inequality

a \r* c.

Two inequalities, on the other hand, as in

a kp b ^r c,

do not enable us to make any inference concerning

the relation of a and c ; for if these quantities are
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equal, they may both differ from b, and so they

may if they are unequal. The axiom of Euclid

thus requires to be supplemented by two other

axioms, which can only be expressed in somewhat

awkward language, as follows :

—

If the first of three things be equal to the second,

but the second be unequal to the third, the first is

unequal to the third.

And again :

—

If two things be both unequal to a third common

thing, they may or may not be equal to each other.

1 6. Reflection upon the force of these axioms

and their relations to each other will show, I think,

that the deductive power always resides in an

equality, and that difference as such is incapable of

affording any inference. My meaning will be more

plainly exhibited by placing the symbols in the

following form :

—

a = b a

II
hence

\\

c c

Here the inference is seen to be obtained by sub-

stituting a for b by virtue of their equality as ex-

pressed in the first equation a = b, the second

equation b = c being that in which substitution is

C
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effected. One equation is active and the other is

passive, and it is a pure accident of this form of

inference that either equation may be indifferently

chosen as the active one. Precisely the same result

happens in this case to be obtained by a similar act

of reasoning in which b — c is the active equation,

as shown below:

—

b = c c

II
hence ||

a a.

My warrant for this view of the matter is to be

found in the fact that the negative form of the

axiom is now easily brought into complete harmony

with the affirmative form, except that, since it has

only one equation to work by, there can be only

one active equation and one form in which the

inference can be exhibited as below:

—

a = b a

S hence S

c c.

Inference is seen to take place in exactly the

same manner as before by the substitution of a for

b, and the negative equation or difference b ^ c is

the part in which substitution takes place, but

which has itself no substitutive power. Accord-
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ingly we shall in vain throw two differences into

the same form, as in

a ~r b b wT c

S or S

c a,

because we have no copula allowing us to make any

substitution.

17. I am confirmed in this view by observing

that, while the instrument of substitution is always

an equation, the forms of relation in which a sub-

stitution may be made are by no means restricted

to relations of equality or difference. If a = b, then

in whatever way a third quantity c is related to

one of them, in the same way it must be related to

the other. If we take the sign «* to denote any

conceivable kind of relation between one quantity

and another, then the widest possible expression of

a process of mathematical inference is shown in the

form

—

a — b a

§ hence §

c c.

If in one case we take the sign *©* as denoting

that c is a multiple of b, it follows that it is a mul-

tiple of a ; if it is the ?zth multiple of one, it is the

«th multiple of the other; if it is the nth submultiple,

C 2
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or the nth power, or the nth root of one, it similarly

follows that it stands in the same relation to the

other ; or if, lastly, c be greater than b by n or less

than c by n, it will also be greater or less than a by

11. In this all-powerful form we actually seem to

have brought together the whole of the processes

by which equations are solved, viz. equal addition

or subtraction, multiplication or division, involution

or evolution, performed upon both sides of the equa-

tion at the same time. That most familiar process

in mathematical reasoning, of substituting one

member of an equation for the other, appears to be

the type of all reasoning, and we may fitly name

this all-important process the substitution of equals.

1 8. An apparent exception to the statement that

all mathematical reasoning proceeds by equations

may perhaps occur to the reader, in the fact that

reasoning can be conducted by inequalities. A
chapter on the subject of inequalities may even be

found in most elementary works on algebra, and it

is self-evident that a greater of a greater is a greater,

and what is less than a less is less. Thus we

certainly seem to have in the two formulae,

a > b > c hence a > c,

and
a < b < c hence a < c,

two valid modes of reasoning otherwise than by
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equations. But it is apparent, in the first place,

that the use of these signs < and > demands some

precautions which do not attach to the copula =
;

the formulae,

a > b < c,

a < b > c,

do not establish any relation between a and c; and

I think the reader will not find it easy to explain

why these do not and the former do, without im-

plying the use of an equation or identity. The

truth is, that the formulae,

a > b > ct

a< b<c,

involve not only two differences, but also one

identity in the direction of those differences, where-

as the formulae,

a > b < c
f

a< b>c,

appear to fail in giving any inference because they

involve only differences both of direction and

quantity.

Strength is added to this view of the matter by

observing that all reasoning by inequalities can be

represented with equal or superior clearness and

precision in the form of equalities, while the con-
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trary is by no means always true. Thus the

inequality

a > b

is represented by the equality

(i) a = [?+ p,

in which p is any positive quantity greater than

zero ; and the inequality

b > c

is similarly represented by the equality

(2) b = c + q,

in which q is again a positive quantity greater than

zero. By substituting for b in (i) its value as

given in (2), we obtain the equation

a = c -f / + q,

which, owing to the like signs of p and q, is a

representation in a more exact and clear manner

of the conclusion

a > c.

On the other hand, the formula

a > b < e

would evidently lead to the equation

a — e +p - r,

in which / is the excess of a over b, and r the

excess of e over b. Now this equation, taken in
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connexion with the former one, seems to give much
clearer information as to the conditions under

which inference is possible than do the formulae

of inequalities, and I entertain no doubt at all

that, even when an inference seems to be obtained

without the use of an equation, a disguised sub-

stitution is really performed by the mind, exactly

such as represented in the equations. But I can

only assert my belief of this from the examina-

tion of the process in my own mind, and I must

submit to the reader's judgment whether there

are exceptions or not to the rule, that we always

reason by means of identities or equalities.

19. Turning now to apply these considerations

to the forms of logical inference, my proposed

simplification of the rules of logic is founded upon

an obvious extension of the one great process of

substitution to all kinds of identity. The Latin

word <zqnalis
y
which is the original of our equal,

was not restricted in signification to similarity of

quantities, but was often applied to anything which

was unvaried or similar when compared with

another. We have but to interpret the word equal

in the older and wider sense of like or equivalent,

in order to effect the long-desired union of logical

and mathematical reasoning. For it is not difficult

to show that all forms of reasoning consist in
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repeated employment of the universal process of

the substitution of equals, or, if the phrase be pre-

ferred, substitution of similars.

20. To prevent a confusion of mathematical

and logical applications of the formula, it will be

desirable to use large capital letters to denote

the things compared in a logical sense, but the

copula or sign of identity may remain as before.

Thus the symbols

A = B

denote the identity of the things represented by

the indefinite terms or names A and B. Thus A
may be taken in one case to mean Iron, when B
might mean the cheapest of the metals, or the most

useful of the metals. In another example which

we have used A would mean element, and B that

which cannot be decomposed, and so on. The fun-

damental principle of reasoning authorizes us to

substitute the term on one side of an identity for

the other term, wherever this may be encountered,

so that in whatever relation B stands to a third

thing C, in the same relation A must stand to C.

Or, using the sign *> to denote any possible or

conceivable kind of relation, the formula

A = B A
§ hence §

C C
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represents a self-evident inference. Thus,

If
' C be thefather ofB, C is father ofA ;

If C be a compound of~B,C is a compound ofA ;

If C be the absence 0/ B, C is the absence ofA ;

If' C be identical with B, C is identical with A

;

and so on.

21. We may at once proceed to develop from

this process of substitution all the forms of infer-

ence recognised by Aristotle, and many more. In

the first place, there cannot be a simpler act of

reasoning than the substitution of a definition for

a term defined; and though this operation found

no place in the old system of the syllogism, it

ought to hold the first place in a true system. If

we take the definition of element as

Element — undecomposable substance,

we are authorized to employ the terms element

and undecomposable substance in lieu of each other

in whatever relation either of them may be found.

If we describe iron as a kind of element, it may

also be described as a kind of undecomposable

substance.

22. Sometimes we may have two definitions of

the same term, and we may then equate these to

each other. Thus, according to Mr. Senior,
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(i) Wealth = whatever has exchangeable value.

(2) Wealth = whatever is useful, transferable,

and limited in supply.

We can employ either of these to make a sub-

stitution in the other, obtaining the equation,

Whatever has exchangeable value = whatever is

useful, transferable, and limited in supply.

Where we have one affirmative proposition or

equation, and one negative proposition, we still

find the former sufficient for the process of infer-

ence. Thus

( 1

)

Iron = the most useful metal.

(2) Iron co the metal most early used by primitive

nations.

By substituting in (2) by means of (1) we have

The most usefid metal ^ the metal most early

used by primitive nations.

23. But two negative propositions will of course

give no result. Thus the two propositions,

Snowdon en the highest mountain in Great Britain,

Snowdon </> the highest mountain in the world,

do not allow of any substitution, and therefore

do not give any means of inferring whether or

not the highest mountain in Great Britain is the

highest mountain in the world.
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24. Postponing to a later part of this tract (§ 36)

the consideration of negative forms of inference, I

will now notice some inferences which involve

combinations of terms. However many nouns,

substantive or adjective, may be joined together,

we may substitute for each its equivalent. Thus,

if we have the propositions,

Square = equilateral rectangle,

Equilateral = equal-sided.

Rectangle = right-angled quadrilateral,

Quadrilateral — four-sidedfigure,

we may by evident substitutions obtain

Square = equal-sided, right-angled, four-sided

figure.

25. It is desirable at this point to draw attention

to the fact that the order in which nouns adjec-

tive are stated is a matter of indifference. A four-

sided, equal-sided figure is identically the same as

an equal-sided, four-sidedfigure ; and even when it

sometimes seems inelegant or difficult to alter the

order of names describing a thing, it is grammatical

usage, not logical necessity, which stands in the

way. Hence, if A and B represent any two names

or terms, their junction as in A B will be taken to
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indicate anything which unites the qualities of both

A and B, and then it follows that

AB = BA.

This principle of logical symbols has been fully

explained by Dr. Boole in his " Laws of Thought "

(pp. 29, 30), and also in my "Pure Logic" (p. 15)

;

and its truth will be assumed here without further

proof. It must be observed, however, that this pro-

perty of logical symbols is true only of adjectives,

or their equivalents, united to nouns, and not of

words connected together by prepositions, or in

other ways. Thus table of wood is not equivalent

to wood of table; but if we treat the words of wood

as equivalent to the adjective wooden, it is true

that a table of wood is the same as a wooden table.

26. We may now proceed to consider the ordi-

nary proposition of the form

A = AB,

which asserts the identity of the class A with a

particular part of the class B, namely the part

which has the properties of A. It may seem

when stated in this way to be a truism, but it is

not, because it really states in the form of an

identity the inclusion of A in a wider class B.

Aristotle happened to treat it in the latter aspect

only, and the extreme incompleteness of his syllo-
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gistic system is due to this circumstance. It is

only by treating the proposition as an identity that

its relation to the other forms of reasoning becomes

apparent.

27. One of the simplest and by far the most

common form of argument in which the proposi-

tion of the above form occurs is the mood of the

syllogism known by the name Barbara.

As an example, we may take the following :

—

(1) Iron is a metal,

(2) A metal is an element, therefore

(3) Iron is an element.

The propositions thus expressed in the ordinary

manner become, in a strictly logical form :

—

(1) Iron = metallic iron,

(2) Metal = elementary metal.

Now for metal ox metallic in (1) we may substitute

its equivalent in (2) and we obtain

(3) Iron = elementary, metal, iron ;

which in the elliptical expression of ordinary con-

versation becomes Iron is an element, or Iron is

some kind of element, the words an or some kind

being indefinite substitutes for a more exact

description.

The form of this mode of inference must be

£' Xs OF THE ' r ^
( UNIVERSITY )
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stated in symbols on account of its great im-

portance. If we take

A = iron,

B = metal,

C = element,

the premises are obviously,

(i) A = AB,

(2) B = BC,

and substituting for B in (i) its description in (2)

we have the conclusion

A = ABC,

which is the symbolic expression of (3).

28. The mood Darii, which is distinguished from

Barbara in the doctrine of the syllogism by its

particular minor premise and conclusion, cannot

be considered an essentially different form. For

if, instead of taking A in the previous example

= iron, we had taken it

• A = some native minerals

;

B and C remaining as before, we should then have

the conclusion

A = ABC,
denoting

some native minerals are elements

;

which affords an instance of the syllogism Darii

exhibited in exactly the same form as Barbara.
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1

29. The sorites or chain of syllogisms consists

but in a series of premises of the same kind, allow-

ing of repeated substitution. Let the premises

be—
(1) The honest man is truly wise,

(2) The truly wise man is happy,

(3) The happy man is contented,

(4) The contented man is to be envied,

the conclusion being

—

(5) The honest man is to be envied.

Taking the letters A, B, C, D, and E to indicate

respectively honest man, truly wise, happy, con-

tented, and to be envied, the premises are represented

thus :

—

(1) A = AB,

(2) B=BC,
(3) C = CD,

(4) D = DE,

and successive substitutions by (4) in (3), by (3)

in (2), and by (2) in (1), give us

C = CDE,
B = BCDE,
A= ABCDE.

Or we may get exactly the same conclusion by

substitution in a different order, thus :

—

A = AB = ABC = ABCD = ABCDE.
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The ordinary statement of the conclusion in (5) is

only an indefinite expression of the full description

of A given in A = ABCDE.
30. Ail the affirmative moods of the syllogism

may be represented with almost equal clearness

and facility. As an example of Darapti in the

third figure we may take

(1) Oxygen is an element,

(2) Oxygen is a gas,

(3) Some gas, therefore, is an element.

Making A = gas,

B = oxygen,

C = element,

the premises become

(1) B = BC,

(2) B = BA.

Hence, by obvious substitution, either by (1) in

(2) or by (2) in (1), we get

(3) BA = BC.

Precisely interpreted this means that gas which is

oxygen is element which is oxygen; but when this

full interpretation is unnecessary, we may substitute
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the indefinite adjective some for the more particular

description, getting,

Some gas is some element,

or, in the still more vague form of common
language,

Some gas is an element.

31. The mood Datisi may thus be illustrated :

—

(1) Some metals are inflammable,

(2) All metals are elements,

(3) Some elements are inflammable.

Taking

A a elements, C = inflammable,

B = metals, D = some,

we may represent the premises in the forms

(1) DB = DBC
(2) B m BA.

Substitution, in the second side of (1), of the

description of B given in (2) produces the con-

clusion

(3) DB = DBCA,
or, in words,

Some metal — some metal element inflammable.

In this and many other instances my method of

representation is found to give a far more full and

D
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strict conclusion than the old syllogism ; but

ellipsis or a substitution of indefinite particles

or adjectives easily enables us to pass from the

strict form to the vague results of the syllogism :

it would be in vain that we should attempt to

reach the more strict conclusion by the syllogism

alone. But I must beg of the reader not to judge

the validity of my forms by any single instance

only, but rather by the wide embracing powers of

the principle involved. Even common thought

must be condemned as loose and imperfect if it

should be found in certain cases to be inconsistent

with a generalization which holds true throughout

the exact sciences as well as the greater part of

the ordinary acts of reasoning.

32. Certain forms of so-called immediate inference,

chiefly brought into notice in recent times by Dr.

Thomson, are readily derived from our principle.

Immediate inference by added determinant 1 con-

sists in joining a determining or qualifying adjective,

or some equivalent phrase, to each member of a

proposition, a new proposition being thus inferred.

Dr. Thomson's own example is as follows

—

A negro is a fellow-creature

;

whence we infer immediately,

1 " Outline of the Laws of Thought," § 87.
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A mgro in suffering is a fellow-creature in suffering.

To explain accurately the mode in which this

inference seems to be made according to our prin-

ciple, let us take

A = negro,

B —fellow-creature,

C = suffering.

The premise may be represented as

A = AB.

Now it is self-evident that AC is identical with

AC, this being a fact which some may think to be

somewhat unnecessarily laid down in the first of the

primary laws of thought (see § 41).

In the symbolic expression of this fact,

AC = AC,

we can substitute for A in the second member its

equivalent AB, getting

AC = ABC.

This may be interpreted in ordinary words as,

A stiffering negro is a suffering negro fellow-creature,

which differs only from the conclusion as stated by

Dr. Thomson by containing the qualification negro

in the second member.

D 2
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33. Immediate inference by complex conception

closely resembles the preceding, and is of exceed-

ingly frequent occurrence in common thought and

language, although it has never had a properly

recognised place in logical doctrine until lately. 1

Its nature is best learnt from such an example as

the following :

—

Oxygen is an element,

Therefore a pound weight of oxygen is a

pound weight of an element.

This is a very plain case of substitution ; for if we

make

O = oxygen,

P = pound weight,

Q = element,

we may represent the premise as

= OQ.

Now it is self-evident that

YofO = P<?/0,

and substituting in the second member the descrip-

tion of O we have

PofO^T of OQ.

1 Thomson's " Outline," § 88.
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34. In an exactly similar manner we may solve

a common form of reasoning which the authors of

the " Port Royal Logic " described as the Complex

Syllogism, remarking how little attention logicians

had in their day given to many common forms of

reasoning. 1
I will employ their example, which is

as follows :

—

(1) The sun is an insensible thing,

(2) The Persians worship the sun,

(3) The Persians, therefore, worship an insensible

thing.

Making
A — sim,

B = insensible thing,

C = Persians,

D = worshippers,

we may represent the above by the symbols

(1) A = AB
(2) C= CD of A.

Hence, by substitution for A in (2) by means of (1),

(3) C = CD*/AB.

35. I regard hypothetical propositions as only

differing from categorical propositions in the acci-

1 "Port Royal Logic," translated by Mr. Spencer Baynes, p. 207.
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dental form of expression. It is well known to

readers of the ordinary handbooks of logic, that

hypothetical propositions can always be repre-

sented in the categorical form by altering the

phraseology; and the fact that the alteration re-

quired is often of the slightest possible character

seems to show that there is no essential difference.

Thus the proposition,

If iron contain phosphorus, it is brittle,

is hypothetical, but exactly equivalent to the cate-

gorical proposition,

Iron, containingphosphorus, is brittle ;

which is of the symbolic form,

AB = ABC.

But propositions such as,

If the barometerfalls, a storm is coming,

cannot be reduced but by some such mode of

expression as the following :

—

The circumstances of a falling barometer are the

circumstances of a storm coming.

Nevertheless, sufficient freedom in the alteration

of expression being granted, they readily come

under our formulae.
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36. I have as yet introduced few examples of

negative propositions, because, though they may be

treated in their purely negative form, it is usually

more convenient to convert them into affirmative

propositions. This conversion is effected by the

use of negative terms, a practice not unknown to the

old logic, but not nearly so much employed as it

should have been. Thus the negative proposition,

A is not B
or A oiB,

is much more conveniently represented by the

affirmative proposition or equation,

A = Ad,

in which we denote by b the quality or fact of

differing from B. The term b is in fact the name of

the whole class of things, or any of them, which

differ from B, so that it is a matter of indifference

whether we say that A differs from B and is ex-

cluded from the class B, or that it agrees with b and

is included in the class b. There are advantages,

however, in employing the affirmative form. 1

1 It may seem to the reader contradictory to condemn the negative

proposition as sterile and incapable of affording inferences, and

shortly afterwards to convert it into an affirmative proposition of

fertile or inferential power. But on trial it will be found that the
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37. The syllogism Celarent is now very readily

brought under our single mode of inference. Take

the example

(1) All metals are elements,

(2) No element can be transmitted,

(3) No metal, therefore, can be transmuted.

To represent this symbolically, let

A = metal,

B = element,

C = transmutable,

c = untransmutable.

Then the premises are

(1) A = AB
(2) B = B c.

propositions thus obtained yield no conclusions inconsistent with my
theory. Thus the negative premises,

A is not B,

B is not C,

yield the affirmative propositions or equations,

A = Kb
B = Be.

And when these premises are tested, whether on the logical slate,

abacus, or logical machine referred to in a later page, they are found

to give no conclusion concerning the relation of A and C. The
description of A is given in the equation,

A = AJC -|. Abe,

from which it appears that A may indifferently occur with or
,

without C.
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Substituting in (1) by means of (2) we get

(3) A = AB.;

or, metals = metals, elementary, untransmutable.

38. Before proceeding to other examples of the

syllogism, it will be well to point out that every

affirmative proposition or equation gives rise to a

corresponding equation between the negatives of

the terms of the original. The general proposition

of the form

A = B,

treated by the fundamental principle of reasoning,

informs us that in whatever relation anything

stands to A, in the same relation it stands to B,

and similarly vice versa. Hence, whatever differs

from A differs from B, and whatever differs from

B differs from A. Now the term b denotes what

differs from B, and a denotes what differs from A

;

so that from the single original proposition we

may draw the two propositions

—

a = ab

b — ab.

But as these propositions have an identical second

member, we can make a substitution, getting

a = b.

This form of inference, though little if at all
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noticed in the traditional logic, is of frequent

occurrence and of great importance. It may be

illustrated by such examples as

happy = contented,

hence unhappy = not-contented ;

or again,

triangle = three-sided rectilinearfigure,

hence what is not a triangle = what is not a three-

sided rectilinearfigure.

The new proposition thus obtained may be called

the contrapositive of the one from which it was

derived, this being a name long applied to a similar

inference from the old form of proposition.

39. Though the details of this new view of logic

may not yet have been perfectly worked out, much

evidence of the truth of the system is to be found

in the simplicity, variety, and universality of the

forms of reasoning which can be evolved out of a

single law of thought,—the similar treatment of

similars.

The old system of the syllogism, indeed, was

nominally founded on a single, or rather double,

axiom or law, the dicta of Aristotle, but the mode

in which these dicta led to conclusions was so far
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from being evident, that the logical student could

not be trusted with their use. A cumbrous system

of six, eight, or more rules of the syllogism was

therefore made out, in order that the validity of an

argument might thereby be tested ; but, as even

then the task was no easy or self-evident one,

logicians formed a complete list of the limited

number of forms obeying these artificial rules, and

composed a curious set of mnemonic lines by which

they might be committed to memory. These lines,

the venerable Barbara celarent, &c, were no doubt

creditable to the ingenuity of men who lived in

the darkest ages of science, but they are alto-

gether an anachronism in the present age. What
should we think now of a writer of mathematical

textbooks, who should select about a score of the

commonest forms of mathematical equations, and

invent a mnemonic by which both the forms of

the equations and the steps of their solution might

be carried in the memory? Instead of such an

absurdity, we now find, even in purely elementary

books, that the general principles and processes

are impressed upon the pupil's mind, and he is

taught by practice to apply these principles to

indefinitely numerous and varied examples. So

it should be in logic ; the logical student need only

acquire a thorough comprehension of the principle
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of substitution and the very primary laws of

thought, in order to be able to analyse any argu-

ment and develop any form of reasoning which

is possible. No subsidiary rules are needful,

and no mnemonics would be otherwise than a

hindrance.

40. I have yet a striking proof to offer of the truth

of the views I am putting forward ; for when once we

lay down the primary laws of thought, and employ

them by means of the principle of substitution, we

find that an unlimited system of forms of indirect

reasoning develops itself spontaneously. Of this

indirect system there is hardly a vestige in the old

logic, nor does any writer previous to Dr. Boole

appear to have conceived its existence, though it

must no doubt have been often unconsciously

employed in particular cases. This indirect or

negative method is closely analogous to the indirect

proof, or reductio ad absiirdum, so frequently used

by Euclid and other mathematicians, and a similar

method is employed by the old logicians in the

treatment of the syllogisms called Baroko and

Bokardo, by the reductio ad impossibile. But

the incidental examples of the indirect logical

method which can be found in any book previous

to the " Mathematical Analysis of Logic " of Dr.

Boole give no idea whatever of its all-commanding
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power
;
for it is not only capable of proving all the

results obtained already by a direct method of

inference, but it gives an unlimited number of other

inferences which could not be arrived at in any

other than a negative or indirect manner. In a

previous little work 1
I have given a complete, but

somewhat tedious, demonstration of the nature and

results of this method, freed from the difficulties

and occasional errors in which Dr. Boole left it

involved. I will now give a brief outline of its

principles.

41. The indirect method is founded upon the

law of the substitution of similars as applied with

the aid of the fundamental laws of thought. These

laws are not to be found in most textbooks of

logic, but yet they are necessarily the basis of all

reasoning, since they enounce the very nature of

similarity or identity. Their existence is assumed

or implied, therefore, in the complicated rules of

the syllogism, whereas my system is founded upon

an immediate application of the laws themselves.

The first of these laws, which I have already re-

ferred to in an earlier part of this tract (p. 35), is

1 " Pure Logic, or the Logic of Quality apart from Quantity : with

Remarks on Boole's System, and on the Relation of Logic and

Mathematics." By W. Stanley Jevons, M.A. London: Edward

Stanford, 1864.
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the LAW OF IDENTITY, that whatever is, is, or

a thing is identical with itself; or, in symbols,

A = A.

The second law, THE LAW OF NON-CONTRADIC-

TION, is that a thing cannot both be and not be, or that

nothing can combine contradictoiy attribiites ; or, in

symbols,

Aa = o,

—that is to say, what is both A and not A does

not exist, and cannot be conceived.

The third law, that of excluded middle, or, as I

prefer to call it, the LAW OF DUALITY, asserts the

self-evident truth that a thing either exists or does

not exist, or that everything either possesses a given

attribute or does notpossess it.

Symbolically the law of duality is shown by

A = AB + Kb,

in which the sign -|- indicates alternation, and is

equivalent to the true meaning of the disjunctive

conjunction or. Hence the symbols may be inter-

preted as, A is either B or not B.

These laws may seem truisms, and they were

ridiculed as such by Locke ; but, since they de-

scribe the very nature of identity in its three

aspects, they must be assumed as true, consciously
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or unconsciously, and if we can build a system of

inference upon them, their self-evidence is surely in

our favour.

42. The nature of the system will be best learnt

from examples, and I will first apply it to several

moods of the old syllogism. Camestres may thus

be proved and illustrated :

—

(1) A sun is self-luminous,

(2) A planet is not self-luminous,

(3) A planet, therefore, is not a sun.

Now it is apparent that a planet is either a sun or

it is not a sun, by the law of duality. But if it be

a sun, it is self-luminous by (1), whereas by (2) it is

not self-lurninous ; it would, if a sun, combine contra-

dictory attributes. By the law of non-contradiction

it could not exist, therefore, as a sun, and it conse-

quently is not a sun.

To represent this reasoning in symbols take

A = sun.

B —planet.

C as self-luminous.

Then the premises .are

(1) A = AC
(2) B = B*
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By the law of duality we have

B = BA -|. Ba,

and substituting this value in the second side of

(2) we have

B = BcA .|- Bca.

But for A in the above we may substitute its

expression in (1), getting

B - BcAC | Bca;

and striking out one of these alternatives which is

contradictory we finally obtain

B = Bca.

The meaning of this formula is that a planet is a

planet not self-luminous, and not a sun, which only

differs from the Aristotelian conclusion in being

more full and precise.

43. The syllogism Camenes may be illustrated by

the following example :

—

9
^

(1) All monarchs are human beings,

(2) No human beings are infallible,

(3) No infallible beings, therefore, are monarchs.

This is proved by considering that every infal-

lible being is either a monarch or- not a monarch;

but if a monarch, then by (1) he is a human being,

and by (2) is not infallible, which is impossible

;

therefore, no infallible being is a monarch.
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Or in symbols, taking

A = monarchy

B = human being,

, C = infallible being,

the premises are

(1) A = AB
(2) B - B^.

Now by the law of duality

C =aC + AC.

Substituting for A its value as derived from

both the premises, we have

C = aC .|. ABCc;

and, striking out the contradictory term,

C = aC.

44. By the indirect method we can obtain and

prove the truth of the contra-positive of the ordi-

nary proposition A is B, or

(1) A = AB.

What we require is the description of the term

not-B or b; and by the law of duality this is, in

the first place, either A or not-A

:

(2) b m Ab -|. ab.

E
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Substituting for A in (2) its value as given in

(1) we obtain

b = ABb I ab.

But the term ABb breaks the law of non-contra-

diction (p. 46), so that we have left only

b = a by

or whatever is not-B is also not-A.

Thus, if A = metal,

B = element,

from the premise

All metals are elements

we conclude that all substances which are not-ele-

merits are not metals; which is proved at once by

the consideration, symbolically expressed above,

that if they were metals they would be elements,

or at once elements and not-elements, which is

impossible.

45. It is the peculiar character of this method

of indirect inference that it is capable of solving and

explaining, in the most complete manner, argu-

ments of any degree of complexity. It furnishes,

in fact, a complete solution of the problem first

propounded and obscurely solved by Dr. Boole :

—

Given any number of propositions involving any

number of distinct terms, required the descriptio?i
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of any of those terms or any combination of those

terms as expressed in the other terms, under condition

of the premises remaining true.

This method always commences by developing

all the possible combinations of the terms involved

according to the law of duality. Thus, if there

are three terms, represented by A, B, C, then the

possible combinations in which A can present itself

will not exceed four, as follows :

—

(1) A = ABC
-I- ABc -I- AbC -|- Abe.

If we have any premises or statements concerning

the nature of A, B, and C, that is, the combinations

in which they can present themselves, we proceed

to inquire how many of the above combinations

are consistent with the premises. Thus, if A is

never found with B, but B is always found with C,

the two first of the combinations become contra-

dictory, and we have

A = AbC + Abc
f

or, A is never found with B, but may or may not

be found with C.

This conclusion may be proved symbolically

by expressing the premises thus :

—

A = Ab
B = BC,

E 2
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and then substituting the values of A and B
wherever they occur on the second side of (i).

46. As a simple example of the process, let us

take the following premises, and investigate the

consequences which flow from them. 1

" From A follows B, and from C follows D

;

but B and D are inconsistent with each other."

The possible combinations in which A, B, C, and

D may present themselves are sixteen in number,

as follows :

—

ABCD
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premises, which may thus be symbolically ex-

pressed :

—

(1) A=AB,
(2) C = C D,

(3) B = Bd.

The combination A b C D is contradicted by (1)

in substituting for A its value; ABCd by (2),

a B c D by (3), and so on. There will be found to

remain only four possible combinations :

—

AB^,
abCD,

abcD,

abed.

Now, if we wish to ascertain the nature of the

term A, we learn at once that it can only exist

in the presence of B and the absence of both C
and D.

We ascertain also that D can only appear in the

absence of both A and B, but that C may or may
not be present with D. Where D is absent, C must

also be absent, and so on.

47. Objections might be raised against this pro-

cess of indirect inference, that it is a long and

tedious one ; and so it is, when thus performed.

Tedium indeed is no argument against truth;

and if, as I confidently assert, this method gives
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us the means of solving an infinite number of

problems, and arriving at an infinite number of

conclusions, which are often demonstrable in no

simpler way, and in fact in no other way whatever,

no such objections would be of any weight. The

fact however is, that almost all the tediousness

and liability to mistake may be removed from the

process by the use of mechanical aids, which are

of several kinds and degrees. While practising

myself in the use of the process, I was at once

led to the use of the logical slate, which consists

of a common writing slate, with several series

of the combinations of letters engraved upon it,

thus :

—

AB
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of the premises, and the contradictory ones are

struck through with the pencil.

48. It soon became apparent, however, that if

these combinations, instead of being written in

fixed order on a slate, were printed upon light

moveable slips of wood, it wrould become easy by

suitable mechanical arrangements to pick out the

combinations in convenient classes, so as im-

mensely to abbreviate the labour of comparison

with the premises. This idea was carried out in

the logical abacus, which I constructed several

years ago, and have found useful and successful

in the lecture-room for exhibiting the complete

solution of logical arguments.

49. This logical abacus has been exhibited before

the members of the Manchester Literary and

Philosophical Society, and the following descrip-

tion of it is extracted from the Proceedings of

the Society for 3d April, 1866, p. 161.

" The abacus consists of

—

" 1. An inclined black board, furnished with four

ledges, 3 ft. long, placed 9 in. apart.

" 2. Series of flat slips of wood, the smallest set

four in number, and other sets, 8, 16, and 32 in

number, marked with combinations of letters, as

follows :

—
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First Set.



THE TRUE PRINCIPLE OF REASONING. S7

" The corresponding small italic letters then in-

dicate the negatives,

a = not-Socrates,

b = not-man,

c = not-mortal,

and the premises may be stated as

A is B,

B isC.

" Now take the second set of slips containing all

the possible combinations of A, B, C, a, b, c, and

ascertain which of the combinations are possible

under the conditions of the premises.

" Select all the slips marked A; and as all these

ought to be B's, select again those which are not-

B or b, and reject them. Unite the remainder, and,

selecting the B's, reject those which are not-C

or c. There will now remain only four slips or

combinations

:

A
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of things not-man or b is seen from the two last

combinations to be always a or not- Socrates, but

either mortal or not-mortal as the case may be.

51. " Precisely the same obvious system of ana-

lysis is applicable to arguments however compli-

cated. As an example, take the premises treated

in Boole's ' Laws of Thought,' p. 125.

" ' (1.) Similar figures consist of all whose corre-

sponding angles are equal, and whose corresponding

sides areproportional.

" ' (2.) Triangles whose corresponding angles are

equal have their corresponding sides proportional,

and vice versa.'

"Let

A = similar,

B = triangle,

C = having corresponding angles equal,

D = having corresponding sides proportional.

" The premises may then be expressed in Quali-

tative Logic, as follows :

—

A = CD,

BC = BD.

"Take the set of 16 slips : out of the A's reject

those which are not CD; out of the CD's reject

those which are not A; out of the BC's reject

those which are not BD; and out of the BD's
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reject those which are not BC. There will remain

only six slips, as follows :

—

A
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slips of the abacus should not require to be moved

by hand, but could be placed in proper order by

the successive pressure of a series of keys or

handles. I have since made a successful working

model of this contrivance, which may be considered

a machine capable of reasoning, or of replacing

almost entirely the action of the mind in drawing

inferences. When I have an opportunity of describ-

ing the details of its construction, I think it will be

found to afford a physical proof, apparent to the

eyes, of the extreme incompleteness of the Aris-

totelian logic. Not only are the syllogisms and

other old forms of argument capable of being

worked upon the machine, but an indefinite number

of other forms of reasoning can be represented by

the simple regular action of levers and spindles.

54. The most unfortunate feature of the long

history of our present traditional logic has been the

divorce existing between the logic of the schools

and the logic of common life. There has been no

apparent connexion whatever between the formal

strictness of the syllogistic art and the more loose

but useful suggestions of analogy from particulars

to particulars. It is owing to this separation, as I

apprehend, that a succession of English writers

from Locke down to Mr. J. S. Mill have been led

to underestimate the value of the syllogism. In
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Mr. Mill's system of logic the syllogism occupies a

very anomalous position—that of an extraneous

form of proof which may be employed when we

wish to ensure correctness of inference, but which

is useless for the discovery of truth. I believe that

the new view of the syllogism which I am now pro-

posing will remedy this lamentable disconnexion of

the parts of what should be one most harmonious

and consistent whole. There is no subject in which

we might expect more perfect unity and system to

exist, and more wide-ruling generalizations to be

discoverable, than in the science of the laws of

thought ; and I conceive that a prime object of any

logical reform should be to reconcile the strict doc-

trine with the looser forms of ordinary thought.

This reconciliation will really be effected, I believe,

by adopting as the fundamental principle the modi-

fied axiom of Aristotle which I have called the

substitution of similars. I hope at some future

time to explain fully the results which seem to

follow from the principle and the harmony which

it creates between the several branches of logical

method, and I will only attempt in this tract a few

slight illustrations.

55. The most frequent mode of inference in com-

mon life is that known as reasoning from analogy

or resemblance, by which we argue from any thing]
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or event we have known to a like thing or event

encountered on another occasion. This seems to

be Mr. Mill's view of the ordinary process of reason-

ing, for in discussing the functions and value of the

syllogism he says :

x—" From instances which we

have observed, we feel warranted in concluding

that what we found true in those instances holds in

all similar ones, past, present, and future, however

numerous they may be." And again he explains

more fully: 2—" I believe that, in point of fact, when

drawing inferences from our personal experience,

and not from maxims handed down to us by books

or tradition, we much oftener conclude from parti-

culars to particulars directly, than through the inter-

mediate agency of any general proposition. We
are constantly reasoning from ourselves to other

people, or from one person to another, without

giving ourselves the trouble to erect our observa-

tions into general maxims of human or external

nature. When we conclude that some person will,

on some given occasion, feel or act so and so, we
sometimes judge from an enlarged consideration of

the manner in which human beings in general, or

persons of some particular character, are accus-

tomed to feel and act ; but much oftener from

1 " System of Logic," vol. i. p. 2IO, fifth edition.

2 Ibid. p. 212.
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merely recollecting the feelings and conduct of the

same person in some previous instance, or from

considering how we should feel or act ourselves.

It is not only the village matron who, when called

to a consultation upon the case of a neighbour's

child, pronounces on the evil and its remedy simply

on the recollection and authority of what she

accounts the similar case of her Lucy."

56. Mr. Mill expresses as clearly as it is well

possible that we argue in common life, as he thinks,

not by the syllogism, but directly from instance

to instance by the similarity observed between the

instances. But this argument from similars to

similars is the identical process which I have called

the substitution of similars, and which I have

shown to be capable of explaining the syllogism

itself, and much more. In fact we find Mr. Mill

enunciating this principle himself in another chapter,

where he is treating of argument from analogy or

resemblance. After noticing the stricter meaning

of analogy as a resemblance of relations, he con-

tinues :

1—
" It is on the whole more usual, however, to

extend the name of analogical evidence to argu-

ments from any sort of resemblance, provided they

do not amount to a complete induction : without

1 "System of Logic," vol. ii. p. 86.
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peculiarly distinguishing resemblance of relations.

Analogical reasoning, in this sense, may be reduced

to the following formula;—Two things resemble

each other in one or more respects ; a certain pro-

position is true of the one ; therefore it is true of

the other. But we have nothing here by which to

discriminate analogy from induction, since this type

will serve for all reasoning from experience. In

the most rigid induction, equally with the faintest

analogy, we conclude, because A resembles B in

one or more properties, that it does so in a certain

other property."

57. If this be, as Mr. Mill so clearly states, the

type of all reasoning from experience, it follows

that the principle of inductive reasoning is actually

identical with that which I have shown to be suffi-

cient to explain the forms of deductive reasoning.

The only difference I apprehend is, that in deductive

reasoning we know or assume a similarity or identity

to be certainly known, and the conclusion from it is

therefore equally certain; but in inductive argu-

ments from one instance to another we never can

be sure that the similarity of the instance is so deep

and perfect as to warrant our substitution of one

for the other. Hence the conclusion is never cer-

tain, and possesses only a degree of probability,

greater or less according to the circumstances of
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the case ; and the theory of probabilities is our

only resource for ascertaining this degree of proba-

bility, if ascertainable at all.

58. It is instructive to contrast mathematical

induction with the induction as employed in the

experimental sciences. The process by which we
arrive at a general proof of a problem in Euclid's

"Elements of Geometry" is really a process of

generalization presenting a striking illustration of

our principle. To prove that the square on the

hypothenuse of a right-angled triangle is equal to

the sum of the squares on the sides containing

the right angle, Euclid takes only a single example

of such a triangle, and proves this to be true. He
then trusts to the reader perceiving of his own

accord that all other right-angled triangles re-

semble the one accidentally adopted in the points

material to the proof, so that any one right-angled

triangle may be indifferently substituted for any

other. Here the process from one case to another

is certain, because we know that one case exactly

resembles another. In physical science it is not

so, and the distinction has been expressed, as it

seems to me, with admirable insight by Professor

Bowen in his well-known " Treatise on Logic, or

the Laws of Pure Thought." 1 He says of mathe-

1 Cambridge, United States, 1866, p. 354.

F
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matical figures:—"The same measure of certainty

which the student of nature obtains by intuition

respecting a single real object, the mathematician

acquires respecting a whole class of imaginary

objects, because the latter has the assurance, which

the former can never attain, that the single object

which he is contemplating in thought is a perfect

representative of its whole class : he has this assur-

ance, because the whole class exists only in thought,

and are therefore all actually before him, or pre-

sent to consciousness. For example: this bit of

iron, I find by direct observation, melts at a cer-

tain temperature ; but it may well happen that

another piece of iron, quite similar to it in external

appearance, may be fusible only at a much higher

temperature, owing to the unsuspected presence

with it of a little more or a little less carbon in

composition. But if the angles at the base of this

triangle are equal to each other, I know that a

corresponding equality must exist in the case of

every other figure which conforms to the definition

of an isosceles triangle ; for that definition excludes

every disturbing element. The conclusion in this

latter case, then, is universal, while in the former

it can be only singular or particular."

This passage perfectly supports my view that

all reasoning consists in taking one thing as a
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representative, that is to say, as a substitute, for

another, and the only difficulty is to estimate

rightly the degree of certainty, or of mere proba-

bility, with which we make the substitution. The

forms and methods of induction and the calculus

of probabilities are necessary to guide us rightly in

this ; but to show that the principle of substitution

is really present and active throughout inductive

logic is more than I can undertake to show in this

tract, although I believe it to be so.

59. Though I have pointed out how consistent

are many of Mr. Mill's expressions with the view

of logic here put forward, and how clearly in one

place he describes the principle of substitution

itself, I cannot but feel that his system is full of

anomalies and breaches of consistency. These

arise, I believe, from the profound error into which

he 4ias fallen, of undervaluing the logical discovery

of the quantification of the predicate. Of Sir W.

Hamilton's views he says :
x— " If I do not consider

the doctrine of the quantification of the predicate

a valuable accession to the art of logic, it is only

because I consider the ordinary rules of the syllo-

gism to be an adequate test, and perfectly suf-

ficient to exclude all inferences which do not

follow from the premises. Considered, however,

1 " System of Logic," fifth ed. vol. i. p. 196 note.

F 2
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as a contribution to the science of logic, that is,

to the analysis of the mental processes concerned

in reasoning, the new doctrine appears to me, I

confess, not merely superfluous, but erroneous

;

since the form in which it clothes
>
the propositions

does not, like the ordinary form, express what is

in the mind of the speaker when he enunciates the

proposition. I cannot think Sir William Hamilton

right in maintaining that the quantity of the pre-

dicate is ' always understood in thought.' It is

implied, but is not present in the mind of the

person who asserts the proposition." Again, he

says of Mr. De Morgan's ingenious logical dis-

coveries, to which every logical writer is so

deeply indebted :
—

" Since it is undeniable that in-

ferences, in the cases examined by Mr. De Morgan,

can legitimately be drawn, and that the ordinary

theory takes no account of them, I will not say

that it was not worth while to show in detail how

these also could be reduced to formulae as rigorous

as those of Aristotle. What Mr. De Morgan has

done was worth doing once (perhaps more than

once), as a school exercise ; but I question if its

results are worth studying and mastering for any

practical purpose." In these and many other

places Mr. Mill shows a lamentable want of power

of appreciating the principles involved in the
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quantification of the predicate. As regards the

most original discoveries of Dr. Boole, there is

not, so far as I have been able to discover, a single

word in Mr. Mill's edition of his " Logic " published

in 1862, to indicate that he was conscious of the

publication of Mr. Boole's " Mathematical Analysis"

in 1849, and of his great work, "The Laws of

Thought," in 1854. Although accounted a dis-

ciple and potent supporter of the doctrines of

Jeremy Bentham, he appears unaware that the

doctrine of the quantification of the predicate is

traceable to his great master, or at all events to

the work of a nephew founded upon the manu-

scripts of Bentham.

60. I ought not to omit to notice that Dr.

Thomson substantially adopts the principle of sub-

stitution in treating of what he calls the syllogism

of analogy. He states the canon in the following

manner \

Y—"The same attributes may be assigned

to distinct but similar things, provided they can be

shown to accompany the points of resemblance in

the things and not the points of difference." This

means that one thing may be substituted for

another like to it, provided that their likeness really

extends to the point in question, which can often

only be ascertained with more or less probability

1 " Laws of Thought," fifth ed. p. 251.
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by inductive inquiry. He adds, that the expression

of the agreement must consist of a qualified judg-

ment of identity, or a proposition of the form U, by

which symbol he indicates a proposition denoted in

this tract by the expression A = B. This exactly

agrees with my view of the matter.

61. The principle of substitution of similars seems

to throw a clear light upon the infinite importance

of classification. For classification consists in

arranging things, either in the mind or in cabinets

of specimens, according to their resemblances, and

the best classification is that which exhibits the

most numerous and extensive resemblances. The

purpose and effect of such arrangement evidently is,

that we may apply to all members of a class whatever

we know of any member, so far as it is a member.

All the members of a class are mutual substitutes

for each other as regards their common charac-

teristics, and a natural classification is that which

gives the greatest probability that characters as yet

unexamined will exhibit agreements corresponding

to those which are examined. Classification is

thus the infinitely useful mode of multiplying

knowledge, by rendering knowledge of particulars

as general as possible, or of indicating the greatest

possible number of substitutions which may give

rise to acts of inference.
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62. I need hardly point out that not only in our

reasonings, but in our acts in common life, we

observe the principle of similarity. Any new kind

of action or work is performed with doubt and

difficulty, because we have no knowledge derived

from a similar case to guide us. But no sooner has

the work been performed once or twice with suc-

cess than much of the difficulty vanishes, because

we have acquired all the knowledge which will

guide us in similar cases. Mankind, too, have an

instinctive respect for precedents, feeling that, how-

ever we act in one particular case, we ought to act

similarly in all similar cases, until strong reason or

necessity obliges us to make a new precedent.

The whole practice of law in English courts, if not

in all others, consists in deciding all new causes

according to the rule established in the most nearly

similar former causes, provided any can be found

sufficiently similar. No ruler, too, but an absolute

tyrant can perform any public act but under the

responsibility of being called upon to perform a

similar act, or make a similar concession, in similar

circumstances.

63. At the present day, for instance, the Govern-

ment is called upon to take charge of the telegraphs

and railways, because great benefit has resulted

from their management of the post-office. It is



J2 THE SUBSTITUTION OF SIMILARS,

implied in this demand that the telegraphs and

railways resemble or are even identical with the

post-office, in those points which render Govern-

ment control beneficial, and the public mind

inevitably leaps from one thing to anything which

appears similar. The whole question turns, of

course, upon the degree and particular nature of

the similarity. Granting that there is sufficient

analogy between the telegraph and the post-office

to render the Government purchase of the former

desirable, we must not favour so gigantic an enter-

prise as the purchase of the railways until it is

clearly made out that their successful management

depends upon principles of economy exactly similar

to the case of the post-office.

64. The great immediate question of the day is

the Disestablishment of the Irish Church. The

opponents of the measure argue against it by the

indirect argument, that if the Irish Church ought

to be disestablished, so ought the English Church
;

but as this ought not, neither ought the Irish

Church. They are answered by pointing out that

the Irish and English Churches are not similarly

situated ; the one possesses the sympathy of the

great body of the people, and the other does not.

This is an all-important point, which prevents our

applying to one what we apply to the other. But
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on either side it is unconsciously, if not expressly,

allowed that similars must be similarly treated.

Almost the whole of our difficulties in the govern-

ment of Ireland arise from the different national

characters of the Irish and English, which renders

laws and institutions suited to the one inapplicable

to the other. Yet such is the tendency of indiscri-

minating public opinion to run in the groove of simi-

larity, that it requires a bold legislator to repeal laws

for Ireland which it is not intended or desired to

repeal for England.

65. Before closing, I should notice that at some

period in the obscurity of the Middle Ages an at-

tempt seems to have been made to assimilate in

some degree the logical and mathematical sciences,

by inventing a logical canon analogous to the first

axiom of Euclid. Between the dictum de omni et

nullo of Aristotle, which had so long been esteemed

the primary and perfect rule of reason, and the

axiom concerning equal quantities, there was no

apparent similarity. Logicians accordingly adopted

a syllogistic canon which seems closely analogous

to the axiom in question, and which was thus stated

in the textbook of Aldrich :

—

Quce conveniunt in uno aliquo eodemque tertio,

ca conveniunt inter se.



74 THE SUBSTITUTION OF SIMILARS,

This was supplemented by a corresponding canon

concerning terms which disagree :

—

Quorum unutn convenit, alteram differt tini et

eidem tcrtio, ca differunt inter se.

The excessive subtlety of logical writers of past

centuries even led them to invent six separate

canons to express the principle which seems to be

sufficiently embodied in our one rule. Whately

considers two of these canons to be a sufficient rule

of reason, which he thus translates :

—

If two terms agree with one and the same third,

they agree with each other; and

If one term agrees, and another disagrees, with one

and the same third, these two disagree with each

other.

u No categorical syllogism can be faulty which

does not violate these canons : none correct which

does." *

66. Though Wallis spoke of these canons as an

innovation in his day, Mr. Mansel has traced them

back to the time of Rodolphus Agricola.2 They

were well known to Lord Bacon, for he appears to

i Whately, " Elements of Logic," Book ii. chap. iii. sec. 2.

2 Born 1442 ; his logical work, " De Inventione Dialectics,

was printed at Louvain in 15 16.
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have been greatly struck with the apparent analogy

between these canons and the axioms of mathema-

ticians, and he introduces it as an instance of con-

formity or analogy in his "Novum Organum" 1 in

the following passage :

—

Postulatum mathematicum, ut quce eidem tertio

cequalia stmt, etiam inter se sint cequalia, conforme

est cum fabrica syllogismi in logica : qui unit ea quce

conveniunt in medio.

67. It is a truly curious fact in the history of

Logic, that these canons should so long have been

adopted, and yet that the only form of proposition

to which they correctly apply should have been

almost wholly ignored until the present century.

It is only when applied to propositions of the

form A = B that these canons prevent us from

falling into error, but when used with the proposi-

tions of the old Aristotelian system they allow the

free commission of fallacies of undistributed middle.

It has been well pointed out by Mr. Mansel, 2 that

"these canons are an attempt to reduce all the

three figures of syllogism directly to a single prin-

ciple; the dictum de omni et nullo of Aristotle, which

was universally adopted by the scholastic logicians,

1 Book ii. Aphorism 27.

2 Artis Logicae Rudimenta, p. 65.
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being directly applicable to the first figure only.

This reduction, so long as the predicate of proposi-

tions has no expressed quantity, is illegitimate
;

the terms not being equal, but contained one within

another, as is denoted by the names major and

minor. Hence, as applied to the first figure, the

word conveniunt has to express, at one and the

same time, the relation of a greater to a less, and

of a less to a greater,—of a predicate to a subject,

and of a subject to a predicate."

Thus in the syllogism of the mood Barbara,

Metals are elements,

Iron is a metal,

Iron, therefore, is an element,

the terms elements and iron are both said to agree

with metals, the third common term, although ele-

ments is a wider term, and iron a much narrower

one, than metals. Nothing can be more unscientific

and fallacious than such an application of the same

word in two distinct meanings. And if we avoid

this fallacy by taking the meaning of the word

agreement in the same manner in each premise, we
fall into the fallacy of undistributed middle. Thus

Metals are elements,

Oxygen is an element,

Oxygen, therefore, is a metal,
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would conform jyecisely to the canon, because

oxygen agrees with element exactly in the same

sense in which metals agree with elements, and yet

the result is an untrue and fallacious conclusion.

Doubtless this absurdity may be explained away

by pointing out that metals and oxygen do not

really agree with the same part of the class elements,

so that there is no really common third term; but

the so-called supreme canon of syllogism is unable

to indicate when this is the case and when it is not.

Other rules have to be assumed in order to over-

rule the supreme rule, and these involve the prin-

ciple of quantification, because they depend upon

the inquiry as to what parts of the middle term are

identical respectively with the major and minor

terms. Yet for centuries logicians failed to acknow-

ledge that identity is at the bottom of the question.

68. To sum up, we may say that the logicians

attempted to reconcile logical with mathematical *\

forms of reasoning, by assuming a canon which

is true when applied to quantified propositions
;

but, as they applied the canon to unquantified pro-

positions, they failed in producing anything but

a fallacious appearance of conformity. In the

present century logicians have abundantly recog-

nised the importance of quantifying the propo-

sition ; but thev have either adhered to the old
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form of canon, or they have omitted altogether to

inquire into the axioms which must be adopted as

the groundwork of the reasoning process. I have

long felt persuaded of the truth enounced by that

most clear thinker, Condillac—that <l
equations,

propositions, jugemens, sont au fond la meme
chose, et que, par consequent, on raisonne de la

imeme maniere dans toutes les sciences j" 1 and it

has been my endeavour at once to transform the

proposition into the equation, and to employ it

with an axiom of adequate simplicity and gene-

rality, not spoiling good new material with old

tools.

69. I write this tract under the discouraging

feeling that the public is little inclined to favour or

to inquire into the value of anything of an abstract

nature. There are numberless scientific journals

and many learned societies, and they readily wel-

come the minutest details concerning a rare

mineral, or an undescribed species, the newest

scientific toy, or the latest observations concerning

a change in the weather. All these things are in

public favour because they come under the head

of physical science. Mathematicians, again, are in

favour because they help the physical philosophers:

accordingly the most incomprehensible specula-

1 La Logique ; CEuvres de Condillac, vol. xxii. p. 173.
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tions concerning a quintic, or a resolvent, or a new-

theory of groups, are readily (and deservedly)

printed, although not a score of men in England

can understand them. But Logic is under the ban of

metaphysics. It is falsely supposed to lead to no

useful works—to be mere speculation ; and, accord-

ingly, there is no journal, and no society whatever,

devoted to its study. Hardly can a paper on a

logical subject be edged into the Proceedings of

any learned society except under false pretences.

This state of things is doubtless due to an excessive

reaction against the former pre-eminence of logical

studies. Bacon, in protesting against the absurdities

of the scholastic logicians, and the deference paid

to an ancient author, placed himself at the head

of this reaction. Were he living now, he would

probably see that the slow pendulum of public

opinion has swung to the opposite extreme, and

would employ his great intellect in showing how

absurd it is to cultivate the branches of the tree of

knowledge, and neglect the root—which root is

undoubtedly to be found in a true comprehension

of logical method.
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DESCRIPTION OF THE LOGICAL ABACUS.

Although a brief account of the abacus is given in the

text (p. 55), it seems desirable to add a more minute

description, which, in connexion with the drawings placed

in front of the title-page, will enable copies of the abacus

to be made with ease. The contrivance is of so simple a

character, that an instrument-maker, or even an ordinary

cabinet-maker, would probably be able to construct it

from the figures and description.

The abacus consists, in the first place, of an ordinary

black board of deal wood, such as is used in schools or

lecture-rooms. This board should be about 3 J feet

square, and must have four ledges (1, 1) of wood, about

1 inch deep and \ inch thick, fixed across it at equal and

parallel distances, a space of about 15 inches being left at

the upper part of the board. The ledges may be made

to extend quite across the width of the board, and they

should be painted, like the board, of a dull black colour.

When in use, the board is supported on a suitable stand in

a slightly inclined position, as shown by the side view (6)

G
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in the figure, so that the slips of wood placed upon the

ledges, as at (6, 7) will stand securely.

It is convenient to have altogether four sets of lettered

slips, namely :

—

4 of the size shown at (8) ... 35 inches long.

8 „ „ (10) ... 4i „

16 „ „ (12) ... 54 „

32 „ „ (14) and (16)—6i

1

At (9, 1 1, 13, 15, and 17) are shown side views of the same

slips. They are made of the best baywood, g inch thick,

1 inch broad, and of the lengths stated above, so as to

give a surface of one square inch for each letter. Each

wooden slip is marked with a different combination of

letters, printed upon white paper and pasted on the face

of the slip. 1 The nature of the combinations will be

readily gathered from pp. 52, 54, and 56, and a set of

sixteen of the slips is shown in the figure at (7), resting

upon one of the ledges in the usual manner.

In the face of each wooden slip are fixed pins of thin

brass or steel wire, projecting from the wood about | inch

in an inclined direction. Every slip has a pin near to its

upper end, as at (18), but the positions of the other pins

are varied according to the combination of letters repre-

sented on the slip. Each large capital or positive letter

is furnished with a pin in the upper part of the space

allotted to it, as at (19, 20, 21, &c), while each small

or negative letter has a pin in the lower part of its

space, as at (22, 23, 24, &c). At the lower end of each

1 I shall be happy to send a set of the printed letters to any

person who may desire to have an abacus constructed.
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slip and at the front is fixed, as at (9, 11, 13, 15, 17), a
thick square piece of sheet lead, weighing from j oz. to

1 oz., so adjusted that each slip will hang in stable equi-

librium and in an upright position when lifted by any of

the pins. The lead may be covered at the front side

with white paper.

The only other requisite is a flat straight-edge or ruler

of hard wood about 16 inches long, i| inch wide, and

J inch thick. It is shown in the figure at (2), and an

enlarged section at (3), where the sharp edge will be seen

to be strengthened with a slip of brass plate (4). It will

be desirable to have a box made to hold all the slips in

proper order, arranged in trays, so that any set may readily

be taken out by the aid of the straight-edge, inserted

under the row of top pins.

In using the abacus, one or other of the series of slips

is taken out, according as the logical problem to be

solved contains more or less terms. If there be only two

terms, the set of four is used ; if three, the set of eight

;

if four, the set of sixteen ; and if five, the set of thirty-two

slips. Thus the syllogism Barbara would require the set

of eight slips (see p. 56, &c). These must be set side

by side upon the topmost ledge, as at (6) : the order in

which they are placed is not of any essential importance,

but it is generally convenient for the sake of clearness

that every positive combination should be placed on the

left of the corresponding negative, and that the order

shown at (7), and at pp. 52, 54, and 56, should be as

much as possible maintained. When a series of the slips

is resting on one of the ledges, it is evident that we may

separate out those marked with A or any capital letter,
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by inserting the straight edge horizontally beneath the

proper row of pins, and then raising the slips and remov-

ing them to another ledge. The corresponding negative

slips will be left where they were, owing to the absence of

pins at the point where the straight-edge is placed. We
have always the option, too, of removing either the A's or

the a's, the B's or the Fs, and so on. Successive move-

ments will enable us to select any class or group out of

the series : thus, if we took the series of sixteen, and

removed first the a's and then the b's, we should have

left the class of A B's, four in number. Dr. Boole based

his logical notation upon the successive selection of

classes, and it is this operation of thought which is repre-

sented in a concrete manner upon the abacus.

The examples given in the text (pp. 56—59) will partly

serve to illustrate the use of the abacus, but I will

minutely describe one more instance. Let the premises

of a problem be

—

(a) A is either Bor C; but

(/3) B is D ; and

(y) CisD.

Let it be required to answer any question concerning

the character of the things A, B, C, D, under the above

conditions.

(1) Take the set of sixteen slips and place them on the

topmost or first ledge of the board.

(2) Remove the A's to the second ledge.

(3) Out of the A's, remove the B's back to the first

ledge.
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(4) Out of what remain, remove the C's back to the

first ledge.

(5) What still remain are combinations contradicted

by the first premise (a), and they are to be re-

moved to the lowest ledge, and left there.

(6) The others having been joined together again on

the first ledge, remove the B's to the second

ledge.

(7) Out of the B's, remove the D's to the first ledge

again, and

(8) Reject to the lowest ledge the B's which are not-

D's, as contradictory of (/?).

(9) Similarly, in treating (7), remove the C's to the

second ledge, return those which are D's, and

reject the C's which are not-D's to the lowest

ledge.

The combinations which have escaped rejection are

all which are possible under the conditions (a) (/3) and

(y), and they will be found to be the following :

—

A
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class for examination. Thus the d's are represented

by only one combination, which shows that what is

not-D is neither C, B, nor A.

Even when the common conclusion of an argument is

self-evident, it will be found instructive to work it upon

the abacus, because the whole character of the argument

and the conditions of the subject are then exhibited to

the eye in the clearest manner ; and while the abacus

gives all conclusions which can be obtained in any other

way, it often gives negative conclusions which cannot be

detected or proved but by the indirect method (see p. 44).

It also solves with certainty problems of such a degree

of complexity that the mind could not comprehend them

without some mechanical aid. In my previous little

work on Pure Logic (see above, § 40, p. 45) I have

given a number of examples, the working of which may
be tested on the abacus, and other examples are to be

found in Dr. Boole's "Laws of Thought."

THE END.
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CAMBRIDGE AND DUBLIN MATHEMA TICAL JOURNAL.
The Complete Work, in Nine Vols. 8vo. cloth. £7 4s.

(Only a few copies remain on hand.)

CHEYNE.—AN ELEMENTARY TREATISE on the PLANET-
ARY THEORY. With a Collection of Problems. By C. H. H.
Cheyne, B.A. Crown 8vo. cloth. 6s. 6d.

— THE EARTH'S MOTION of ROTATION. By C. H. H.
Cheyne, M.A. Crown 8vo. 3s. 6d.
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CHILDE.—THE SINGULAR PROPERTIES of the ELLIPSOID
and ASSOCIATED SURFACES of the Nth DEGREE. By
the Rev. G. F. Childe, M.A., Author of "Ray Surfaces,"
"Related Caustics," &c. 8vo. 10s. 6d.

CHRISTIE,—A COLLECTION OF ELEMENTARY TEST-
QUESTIONS in PURE and MIXED MATHEMATICS ; with
Answers and Appendices on Synthetic Division, and on the
Solution of Numerical Equations by Horner's Method. By James
R. Christie, F.R.S., late First Mathematical Master at the
Royal Military Academy, Woolwich. Crown 8vo. cloth, 8s. 6d.

DALTON.—ARITHMETICAL EXAMPLES. Progressively ar-

ranged, with Exercises and Examination Papers. By the Rev.
T. Dalton, M.A., Assistant Master of Eton College. i8mo.
cloth. 2s. 6d.

DAY.—PROPERTIES OF CONIC SECTIONS PROVED
GEOMETRICALLY. Part I., The Ellipse, with Problems.
By the Rev. H. G. Day, M.A., Head Master of Sedbergh Grammar
School. Crown 8vo. 3-r. 6d.

DODGSON.—AN ELEMENTARY TREATISE ON DETER-
MINANTS, with their Application to Simultaneous Linear Equa-
tions and Algebraical Geometry. By C. L. Dodgson, M.A.,
Mathematical Lecturer of Christ Church, Oxford. Small 410.

cloth, 10s. 6d.

DREW.—GEOMETRICAL TREATISE on CONIC SECTIONS.
By W. H. Drew, M.A., St. John's College, Cambridge. Third
Edition. Crown 8vo. cloth, 4s. 6d.

In this work the subject of Conic Sections has been placed before the student
in such a form that, it is hoped, after mastering the elements of Euclid, he
may find it an easy and interesting continuation of his geometrical studies.

With a view also of rendering the work a complete Manual of what is re-

quired at the Universities, there have been either embodied into the text,

or inserted among the examples, every book-work question, problem, and
rider, which has been proposed in the Cambridge examinations up to the
present time.

— SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC
SECTIONS. Crown 8vo. cloth, 45-. 6d.

EERRERS.—KN ELEMENTARY TREATISE on TRILINEAR
CO-ORDINATES, the Method of Reciprocal Polars, and the

Theory of Projections. By the Rev. N. M. Ferrers, M.A.,
Fellow and Tutor of Gonville and Caius College, Cambridge.
Second Edition. Crown 8vo. 6s. 6d.

The object of the author in writing on this subject has mainly been to place

it on a basis altogether independent of the ordinary Cartesian system, in-

stead of regarding it as only a special form ofAbridged Notation. A short

chapter on Determinants has been introduced.
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FROST.—THE FIRST THREE SECTIONS of NEWTON'S
PRINCIPIA. With Notes and Illustrations. Also a Collection
of Problems, principally intended as Examples of Newton's
Methods. By Percival Frost, M.A., late Fellow of St. John's
College, Mathematical Lecturer of King's College, Cambridge.
Second Edition. 8vo. cloth, ioj. 6d.

The author's principal intention is to explain difficulties which may be en-
countered by the student on first reading the Principia, and to illustrate

the advantages of a careful study of the methods employed by Newton, by
showing the extent to which they may be applied in the solution of prob-
lems ; he has also endeavoured to give assistance to the student who is

engaged in the study of the higher branches of Mathematics, by repre-
senting in a geometrical form several of the processes employed in the
Differential and Integral Calculus, and in the analytical investigations of
Dynamics.

FROST and WOLSTENHOLME.—K. TREATISE ON SOLID
GEOIVIETRY. By Percival Frost, M.A., and the Rev. J.
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's

College. 8vo. cloth, i&r.

The authors have endeavoured to present before students as comprehensive
a view of the subject as possible. Intending as they have done to make
the subject accessible, at least in the earlier portion, to all classes of
students, they have endeavoured to explain fully all the processes which
are most useful in dealing with ordinary theorems and problems, thus di-

recting the student to the selection of methods which are best adapted to

the exigencies of each problem. In the more difficult portions of the sub-
ject, they have considered themselves to be addressing a higher class of
students ; there they have tried to lay a good foundation on which to build,

if any reader should wish to pursue the science beyond the limits to which
the work extends.

GODFRAY.—K. TREATISE on ASTRONOMY, for the use of

Colleges and Schools. By Hugh Godfray, M.A., Mathematical
Lecturer at Pembroke College, Cambridge. 8vo. cloth, 12s. 6d.

"We can recommend for its purpose a very good Treatise on Astronomy
by Mr. Godfray. It is a working book, taking astronomy in its proper
place in mathematical science. But it begins with the elementary de-
finitions, and connects the mathematical formulae very clearly with the

visible aspect of the heavens and the instruments which are used for ob-
serving it."

—

Guardian.

— AN ELEMENTARY TREATISE on the LUNAR THEORY.
With a brief Sketch of the Problem up to the time of Newton.
By Hugh Godfray, M.A. Second Edition, revised. Crown
8vo. cloth. 5j\ 6d.

HEMMING.—AN ELEMENTARY TREATISE on the DIF-
FERENTIAL AND INTEGRAL CALCULUS, for the use

of Colleges and Schools. By G. W. Hemming, M.A., Fellow

of St. John's College, Cambridge. Second Edition, with Cor-

rections and Additions. 8vo. cloth. 9-r.
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JONES and CHEYNE.—ALGEBRAICAL EXERCISES. Pro-

gressively arranged. By the Rev. C. A.Jones, M.A., and C. H.
Cheyne, M.A., Mathematical Masters of Westminster School.

New Edition. i8mo. cloth, 2s. 6d.

This little book is intended to meet a difficulty which is probably felt more
or less by all engaged in teaching Algebra to beginners. It is that while
new ideas are being acquired, old ones are forgotten. In the belief that
constant practice is the only remedy for this, the present series of miscel-
laneous exercises has been prepared. Their peculiarity consists in this,

that though miscellaneous they are yet progressive, and may be used by
the pupil almost from the commencement of his studies. They are not in-

tended to supersede the systematically arranged examples to be found in

ordinary treatises on Algebra, but rather to supplement them.
The book being intended chiefly for Schools and Junior Students, the higher

parts of Algebra have not been included.

KITCHENER.—A GEOMETRICAL NOTE-BOOK, containing

Easy Problems in Geometrical Drawing preparatory to the Study
of Geometry. For the use of Schools. By F. E. Kitchener,
M.A., Mathematical Master at Rugby. 4to. 2s.

MORGAN—A COLLECTION of PROBLEMS and EXAMPLES
in Mathematics. With Answers. By H. A. Morgan, M.A.,
Sadlerian and Mathematical Lecturer of Jesus College, Cambridge.
Crown 8vo. cloth. 6j\ 6d.

This book contains a number of problems, chiefly elementary, in the Mathe-
matical subjects usually read at Cambridge. They have been selected
from the papers set during late years at Jesus college. Very few of them
are to be met with in other collections, and by far the larger number are
due to some of the most distinguished Mathematicians in the University.

PARKINSON—Works by S. Parkinson, B.D., Fellow and Prse-

lector of St. John's College, Cambridge :

—

— AN ELEMENTARY TREATISE ON MECHANICS. For
the use of the Junior Classes at the University and the Higher
Classes in Schools. With a Collection of Examples. Third
Edition, revised. Crown 8vo. cloth, gs. 6d.

The author has endeavoured to render the present volume suitable as a
Manual for the junior classes in Universities and the higher classes in

Schools. In the Third Edition several additional propositions have been
incorporated in the work for the purpose of rendering it more complete,
and the Collection of Examples and Problems has been largely increased.

— A TREATISE on OPTICS. Second Edition, revised. Crown
8vo. cloth, ioj-. 6d.

A collection of Examples and Problems has been appended to this work
which are sufficiently numerous and varied in character to afford useful
exercise for the student : for the greater part of them recourse has been
had to the Examination Papers set in the University and the several Col-
leges during the last twenty years.
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PHEAR.—ELEMENTARY HYDROSTATICS. With numerous
Examples. By J. B. Phear, M.A., Fellow and late Assistant

Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo.

cloth, 5^. 6d.

"An excellent Introductory Book. The definitions are very clear; the de-
scriptions and explanations are sufficiently full and intelligible ; the in-

vestigations are simple and scientific. The examples greatly enhance its

value."

—

English Journal ofEducation.

PRATT.—A TREATISE on ATTRACTIONS, LAPLACE'S
FUNCTIONS, and the FIGURE of the EARTH. By John
H.Pratt, M.A., Archdeacon of Calcutta, Author of "The
Mathematical Principles of Mechanical Philosophy." Third
Edition. Crown 8vo. cloth, 6s. 6d.

PUCKLE.—KR ELEMENTARY TREATISE on CONIC SECT-
IONS and ALGEBRAIC GEOMETRY. With numerous Ex-
amples and hints for their Solution ; especially designed for the use

of Beginners. By G. H. Puckle, M.A., St. John's College,

Cambridge, Head Master of Windermere College. Third Edition,

enlarged and improved. Crown 8vo. cloth, Js. 6d.

The work has been completely re-written, and a considerable amount of new
matter has been added, to suit the requirements of the present time.

RA WLINSON.—ELEMENTARY STATICS. By G. Rawlin-
son, M.A. Edited by Edward Sturges, M.A., of Emmanuel
College, Cambridge, and late Professor of the Applied Sciences,

Elphinstone College, Bombay. Crown 8vo. cloth. 45-. 6d.

Published under the authority of H. M. Secretary of State for use in the

Government Schools and Colleges in India.

** This Manual may take its place among the most exhaustive, yet clear and
simple, we have met with, upon the composition and resolution of forces,

equilibrium, and the mechanical powers."

—

Oriental Budget.

REYNOLDS. —MODERN METHODS IN ELEMENTARY
GEOMETRY. By E. M. Reynolds, M.A., Mathematical

Master in Clifton College. Crown 8vo. t>s- 6d.

ROUTH.—AN ELEMENTARY TREATISE on the DYNAMICS
of a SYSTEM of RIGID BODIES. With Examples. By
Edward John Routh, M.A., Fellow and Assistant Tutor of

St. Peter's College, Cambridge ; Examiner in the University of

London. Crown 8vo. cloth, 10s. 6d.

SMITH.—A TREATISE on ELEMENTARY STATICS. By

J. H. Smith, M.A., Gonville and Caius College, Cambridge.

8vo. $s. 6d.
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SMITH.—-Works by Barnard Smith, M.A., Rector of Glaston,

Rutlandshire, late Fellow and Senior Bursar of St. Peter's College,

Cambridge :

—

— ARITHMETIC and ALGEBRA, in their Principles and Ap-
plication, with numerous Systematically arranged Examples, taken

from the Cambridge Examination Papers, with especial reference

to the Ordinary Examination for B.A. Degree. Tenth Edition.

Crown 8vo. cloth, 10s. 6d.

This work is now extensively used in Schools and Colleges both at home and
in the Colonies. It has also been found of great service for students pre-

paring for the Middle-Class and Civil and Military Service Ex-
aminations, from the care that has been taken to elucidate the principles
of all the Rules.

— ARITHMETIC FOR SCHOOLS. New Edition. Crown
8vo. cloth, 4^. 6d.

— COMPANION to ARITHMETIC for SCHOOLS. [Preparing.

— A KEY to the ARITHMETIC for SCHOOLS. Seventh
Edition. Crown 8vo., cloth, Ss. 6d.

— EXERCISES in ARITHMETIC. With Answers. Crown
8vo. limp cloth, is. 6d. Or sold separately, as follows :—Part I.

is. ; Part II. is. Answers, 6d.

These Exercises have been published in order to give the pupil examples in

every rule of Arithmetic. The greater number have been carefully com-
piled from the latest University and School Examination Papers.

— SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. cloth,

y. Or sold separately, Parts I. and II. lod. each ; Part III. is.

— KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Com-
plete in one Yolume, i8mo., cloth, 6s. 6d. ; or Parts I., II., and
III. 2s. 6d. each.

— SHILLING BOOK of ARITHMETIC for NATIONAL
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separately,

Part I. 2d. ; Part II. 3d. ; Part III. jd. Answers, 6d.

The Same, with Answers complete. i8mo. cloth, is. 6d.

— KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth,

45-. 6d.

— EXAMINATION PAPERS in ARITHMETIC. In Four
Parts. i8mo. cloth, is. 6d. The Same, with Answers, i8mo.
is. gd.

— KEY to EXAMINATION PAPERS in ARITHMETIC.
i8mo. cloth, 4?. 6d.
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SNO WBALL.—PLANE and SPHERICAL TRIGONOMETRY.
With the Construction and Use of Tables of Logarithms. By
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, p. 6d.

TAIT and STEELE.—DYNAMICS of a PARTICLE. With
Examples. By Professor Tait and Mr. Steele. New Edition.

Crown 8vo. cloth, 10s. 6d.

In this Treatise will be found all the ordinary propositions connected with
the Dynamics of Particles which can be conveniently deduced without the
use of D'Alembert's Principles. Throughout the book will be found a
number of illustrative Examples introduced in the text, and for the most
part completely worked out ; others, with occasional solutions or hints to

assist the student, are appended to each Chapter.

TAYLOR.—GEOMETRICAL CONICS ; including Anharmonic
Ratio and Projection, with numerous Examples. By C. Taylor,
B.A., Scholar of St. John's College, Cambridge. Crown 8vo.

cloth, Js. 6d.

TEBA Y.—ELEMENTARY MENSURATION for SCHOOLS.
With numerous Examples. By Septimus Tebay, B.A., Head
Master of Queen Elizabeth's Grammar School, Rivington. Extra
fcap. 8vo. 3s. 6d.

TODHUNTER.—Works by I. Todhunter, M,A., F.R.S., Fellow
and Principal Mathematical Lecturer of St. John's College, Cam-
bridge :

—

— THE ELEMENTS of EUCLID for the use of COLLEGES
and SCHOOLS. New Edition. i8mo. cloth, y. 6d.

— ALGEBRA for BEGINNERS. With numerous Examples.
New Edition. i8mo. cloth, is. 6d.

— KEY to ALGEBRA for BEGINNERS. Crown 8vo., cl., 6s. 6d.

— TRIGONOMETRY for BEGINNERS. With numerous
Examples.' New Edition. i8mo. cloth, 2s. 6d.

Intended to serve as an introduction to the larger treatise on Plane Trigo-
nometry, published by the author. The same plan has been adopted as in

the Algebrafor Beginners: the subject is discussed in short chapters, and
a collection of examples is attached to each chapter.

— MECHANICS for BEGINNERS. With numerous Examples.

i8mo. cloth, 4s. 6d.

Intended as a companion to the two preceding books. The work forms an
elementary treatise on Demonstrative Mechanics. It may be true that

this part of mixed mathematics has been sometimes made too abstract and
speculative ; but it can hardly be doubted that a knowledge of the elements

at least of the theory of the subject is extremely valuable even for those

who are mainly concerned with practical results. The author has accord-

ingly endeavoured to provide a suitable introduction to the study of applied

as well as of theoretical Mechanics.
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TODHUNTER.—VJorks by I. Todhunter, M.A.—Continued.

— A TREATISE on the DIFFERENTIAL CALCULUS.
With Examples. Fourth Edition. Crown 8vo. cloth, ios. 6d.

— A TREATISE on the INTEGRAL CALCULUS. Third
Edition, revised and enlarged. With Examples. Crown 8vo.

cloth, ios. 6d.

— A TREATISE on ANALYTICAL STATICS. With Ex-
amples. Third Edition, revised and enlarged. Crown 8vo. cloth,

ios. 6d.

— PLANE CO-ORDINATE GEOMETRY, as applied to the

Straight Line and the CONIC SECTIONS. With numerous
Examples. Fourth Edition. Crown 8vo. cloth, Js. 6d.

— ALGEBRA. For the use of Colleges and Schools. Fourth
Edition. Crown 8vo. cloth, "js. 6d.

This work contains all the propositions which are usually included in ele-

mentary treatises on Algebra, and a large number of Excnnplesfor Ex-
ercise. The author has sought to render the work easily intelligible to

students without impairing the accuracy of the demonstrations, or contract-

ing the limits of the subject. The Examples have been selected with a
view to illustrate every part of the subject, and as the number of them is

about Sixteen hundred andfifty, it is hoped they will supply ample exer-
cise for the student. Each set of Examples has been carefully arranged,
commencing with very simple exercises, and proceeding gradually to those
which are less obvious.

— PLANE TRIGONOMETRY. For Schools and Colleges.

Third Edition. Crown 8vo. cloth, $s.

The design of this work has been to render the subject intelligible to be-

ginners, and at the same time to afford the student the opportunity of ob-
taining all the information which he will require on this branch of Mathe-
matics. Each chapter is followed by a set of Examples ; those which are

entitled Miscellaneotis Examples, together with a few in some of the other

sets, may be advantageously reserved by the student for exercise after he
has made some progress in the subject. In the Second Edition the

hints for the solution of the Examples have been considerably increased.

— A TREATISE ON SPHERICAL TRIGONOMETRY.
Second Edition, enlarged. Crown 8vo. cloth, 4s. 6d.

This work is constructed on the same plan as the Treatise on Plane Trigo-
nometry, to which it is intended as a sequel. Considerable labour has
been expended on the text in order to render it comprehensive and ac-

curate, and the Examples, which have been chiefly selected from Uni-
versity and College Papers, have all been carefully verified.

- EXAMPLES of ANALYTICAL GEOMETRY of THREE
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth, 4*.

— AN ELEMENTARY TREATISE on the THEORY of

EQUATIONS. Second Edition, revised. Crown 8vo. cloth,

Js. 6d.
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WILSON.—ELEMENTARY GEOMETRY. Part I, Angles,
Triangles, Parallels, and Equivalent Figures, with the Application
to Problems. By J. M. Wilson, M.A., Fellow of St. John's
College, Cambridge, and Mathematical Master in Rugby School.
Extra fcap. 8vo. 2s. 6d.

— A TREATISE on DYNAMICS. By W. P. Wilson, M.A.,
Fellow of St. John's College, Cambridge ; and Professor of
Mathematics in Queen's College, Belfast. Ivo. gs. 6d.

WOLSTENHOLME.—K BOOK of MATHEMATICAL PROB-
LEMS on subjects included in the Cambridge Course. By Joseph
Wolstenholme, Fellow of Christ's College, sometime Fellow of
St. John's College, and lately Lecturer in Mathematics at Christ's

College. Crown 8vo. cloth. 8s. 6d.

Contents : Geometry (Euclid).—Algebra.—Plane Trigonometry.—Conic
Sections, Geometrical.—Conic Sections, Analytical.—Theory of Equations.
—Differential Calculus.—Integral Calculus.—Solid Geometry —Statics.

—

Dynamics, Elementary.—Newton.—Dynamics of a Point.—Dynamics of
a Rigid Body.—Hydrostatics.—Geometrical Optics.—Spherical Trigono-
metry and Plane Astronomy.

In each subject the order of the Text-Books in general use in the University
of Cambridge has been followed, and to some extent the questions have
been arranged in order of difficulty. The collection will be found to be
unusually copious in problems in the earlier subjects, by which it is de-
signed to make the work useful to mathematical students, not only in the
Universities, but in the higher classes of public schools.

SCIENCE.

AIRY.—POPULAR ASTRONOMY. With Illustrations. By G. B.

Airy, Astronomer Royal. Sixth and Cheaper Edition. i8mo.

cloth, 4s. 6d.

u Popular Astronomy in general has many manuals ; but none of them super-

sede the Six Lectures of the Astronomer Royal under that title. Its

speciality is the direct way in which every step is referred to the observatory,

and in which the methods and instruments by which every observation is

made are fully described. This gives a sense of solidity and
;

substance to

astronomical statements which is obtainable in no other way."

—

Guardian.

GEIKIE.—ELEMENTARY LESSONS in PHYSICAL GEO-
LOGY. By Archibald Geikie, F.R.S., Director of the Geo-

logical Survey of Scotland. [Preparing.
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HUXLEY.—LESSONS in ELEMENTARY PHYSIOLOGY.
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro-

fessor of Natural History in the Royal School of Mines. Second
Edition. i8mo. cloth, \s. 6d.

" It is a very small book, but pure gold throughout. There is not a waste
sentence, or a superfluous word, and yet it is all clear as daylight. It

exacts close attention from the reader, but the attention will be repaid by
a real acquisition of knowledge. And though the book is so small, it

manages to touch on some of the very highest problems The whole
book shows how true it is that the most elementary instruction is best

given by the highest masters in any science."

—

Guardian.
" The very best descriptions and explanations of the principles of human
physiology which have yet been written by an Englishman."

—

Saturday
Review.

LOCKYER.—ELEMENTARY LESSONS in ASTRONOMY.
With Coloured Diagram of the Spectra of the Sun, Stars, and
Nebulae, and numerous Illustrations. By J. Norman Lockyer,
F.R.A.S. i8mo. $s. 6d.

OLIVER.—LESSONS IN ELEMENTARY BOTANY. With
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S.,

F.L.S. Third Thousand. i8mo. cloth, 4s. 6d.

" The manner is most fascinating, and if it does not succeed in making this

division of science interesting to every one, we do not think anything can.
.... Nearly 200 well executed woodcuts are scattered through the text,

and a valuable and copious index completes a volume which we cannot
praise too highly, and which we trust all our botanical readers, young and
old, will possess themselves of."

—

Popular Science Review.
** To this system we now wish to direct the attention of teachers, feeling

satisfied that by some such course alone can any substantial knowledge of

plants be conveyed with certainty to young men educated as the mass of

our medical students have been. We know of no work so well suited to

direct the botanical pupil's efforts as that of Professor Oliver's, who, with
views so practical and with great knowledge too, can write so accurately

and clearly."

—

Natural History Review.

ROSCOE.—LESSONS in ELEMENTARY CHEMISTRY, In-

organic and Organic. By Henry Roscoe, F.R.S., Professor

of Chemistry in Owen's College, Manchester. With numerous
Illustrations and Chromo-Litho. of the Solar Spectra. Ninth

Thousand. i8mo. cloth, 4s. 6d.

It has been the endeavour of the author to arrange the most important facts

and principles of Modern Chemistry in a plain but concise and scientific

form, suited to the present requirements of elementary instruction. For
the purpose of facilitating the attainment of exactitude in the knowledge of

the subject, a series of exercises and questions upon the lessons have been
added. The metric system of weights and measures, and the centigrade

thermometric scale, are used throughout the work.

" A small, compact, carefully elaborated and well arranged manual."

—

Spectator.
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MISCELLANEOUS.
ATLAS of EUROPE. Globe Edition. Uniform in size with

Macmillan's Globe Series, containing 48 Coloured Maps, on the
same scale Plans of London and Paris, and a copious Index,
strongly bound in half-morocco, with flexible back. o„y.

Notice.—This Atlas includes all the Countries of Europe in a Series of
Forty-eight Maps, drawn on the same scale, with an Alphabetical Index to
the situation of more than 10,000 Places ; and the relation of the various
Maps and Countries to each other is defined in a general Key-Map.

The identity of scale in all the Maps facilitates the comparison of extent and
distance, and conveys a just impression of the magnitude of different

Countries. The size suffices to show the Provincial Divisions, the Rail-
ways and Main Roads, the Principal Rivers and Mountain Ranges. As
a book it can be opened without the inconvenience which attends the use
of a folding map.

" In the series of works which Messrs. Macmillan and Co. are publishing
under this general title (Globe Series) they have combined portableness
with scholarly accuracy and typographical beauty, to a degree that is

almost unprecedented. Happily they are not alone in employing the
highest available scholarship in the preparation of the most elementary
educational works ; but their exquisite taste and large resources secure an
artistic result which puts them almost beyond competition. This little

atlas will be an invaluable boon for the school, the desk, or the traveller's

portmanteau."

—

British Quarterly Review.

BATES and LOCKYER.—K CLASS BOOK of GEOGRAPHY,
adapted to the recent Programme of the Royal Geographical

Society. By H. W. Bates and J. N. Lockyer, F.R. AS.
[In the Press.

CAMEOS from ENGLISH HISTORY. From Rollo to Edward II.

By the Author of "The Heir of Redclyffe. " Extra fcap. 8vo. 5^.

" Contains a large amount of information in a concentrated form, and so

skilfully and well is the adventurous, personal, and dramatic element
brought out, that any boy of intelligence will find these narratives as

fascinating as the most exciting fiction ever penned."

—

London Review.

EARLY EGYPTIAN HISTORY for the Young. With Descriptions

of the Tombs and Monuments. New Edition, with Frontispiece.

Fcap. 8vo. 5-f.

"Written with liveliness and perspicuity."—Guardian.

" Artistic appreciation of the picturesque, lively humour, unusual aptitude for

handling the childish intellect, a pleasant style, and sufficient learning,

altogether free from pedantic parade, are among the good qualities of this

volume, which we cordially recommend to the parents of inquiring and

book-loving boys and girls."

—

Athentzum.

" This is one of the most perfect books for the young that we have ever seen.

We know something of Herodotus and Rawlinson, and the subject is cer-

tainly not new to us ; yet we read on, not because it is our duty, but for very

pleasure. The author has hit the best possible way of interesting any one,

young or old."

—

Literary Churchman.
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HOLE.—A GENEALOGICAL STEMMA of the KINGS of ENG-
LAND and FRANCE. By the Rev. C. Hole. In One Sheet.
is.

— A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and
Arranged by Charles Hole, M.A., Trinity College, Cambridge.
Second Edition, i8mo., neatly and strongly bound in cloth,

4s. 6d.

The most comprehensive Biographical Dictionary in English,—containing
more than 18,000 names of persons of all countries, with dates of birth and
•death, and what they were distinguished for.

" An invaluable addition to our manuals of reference, and from its moderate
price, it cannot fail to become as popular as it is useful."

—

Times.

" Supplies a universal want among students of all kinds. It is a neat, com-
pact, well 'printed little volume, which may go into the pocket, and should
be on every student's table, at hand, for reference."

—

Globe.

HOUSEHOLD (A) BOOK OF ENGLISH POETRY. Selected

and arranged, with Notes, by R. C. Trench, D.D., Archbishop of
Dublin. Extra fcap. 8vo. $s. 6d.

" Remarkable for the number of fine poems it contains that are not found in

other collections."

—

Express.

"The selection is made with the most refined taste, and with excellent

j udgment."

—

Birmingham Gazette.

y^P^C^Y.—SHAKESPEARE'S TEMPEST. With Glossary and
Explanatory Notes. By the Rev. J. M. Jephson. i8mo. is. 6d.

" His notes display a thorough familiarity with our older English literature,

and his preface is so full of intelligent critical remark, that many readers
will wish that it were longer."

—

Guardian.

OPPEN.—FRENCH READER. For the use of Colleges and
Schools. Containing a Graduated Selection from Modern Authors
in Prose and Verse ; and copious Notes, chiefly Etymological.

By Edward A. Oppen. Fcap. 8vo. cloth, \s. 6d.

" Mr. Oppen has produced a French Reader, which is at once moderate yet
full, informing yet interesting, which in its selections balances the moderns
fairly against the ancients The examples are chosen with taste and
skill, and are so arranged as to form a most agreeable course of French
reading. An etymological and biographical appendix constitutes a very
valuable feature of the work."

—

Birmingham Daily Post.

A SHILLING BOOK of GOLDEN DEEDS. A Reading-Book for

Schools and General Readers. By the Author of "The Heir of

Redclyffe." i8mo. cloth.

" To collect in a small handy volume some of the most conspicuous of these

(examples) told in a graphic and spirited style, was a happy idea, and the

result is a little book that we are sure will be in almost constant demand in

the parochial libraries and schools for which it is avowedly intended."

—

Educational Times.
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A SHILLING BOOK of WORDS from the POETS. By C. M.
Vaughan. i8mo. cloth.

THRING.—Works by Edward Thring, M.A., Head Master of
Uppingham :

—

— THE ELEMENTS of GRAMMAR taught in ENGLISH.
With Questions. Fourth Edition. i8mo. is.

— THE CHILD'S GRAMMAR. Being the substance of "The
Elements of Grammar taught in English, " adapted for the use of

Junior Classes. A New Edition. i8mo. I*.

The author's effort in these two hooks has been to point out the broad,
beaten, every-day path, carefully avoiding digressions into the bye-ways
and eccentricities of language. This work took its rise from questionings

in National Schools, and the whole of the first part is merely the writing

out in order the answers to questions which have been used already with
success. Its success, not only in National Schools, from practical work
in which it took its rise, but also in classical schools, is full of encourage-
ment.

— SCHOOL SONGS. A collection of Songs for Schools. With
the Music arranged for Four Voices. Edited by the Rev. E.

Thring and H. Riccius. Folio. Js. 6d.

DIVINITY.

EASTWOOD.—THE BIBLE WORD BOOK. A Glossary of Old

English Bible Words. By J. Eastwood, M.A., of St. John's

College, and W. Aldis Wright, M. A., Trinity College, Cam-

bridge. i8mo. 5j. 6d.

HARDWICK.—& HISTORY of the CHRISTIAN CHURCH.
Middle Age. From Gregory the Great to the ^communication

of Luther. By Archdeacon Hardwick. Edited by Francis

Procter, M.A. With Four Maps constructed for this work by

A. Keith Johnston. Second Edition. Crown 8vo. ior. 6d.

— A HISTORY of the CHRISTIAN CHURCH during the

REFORMATION. By Archdeacon Hardwick. Revised by

Francis Procter, M.A. Second Edition. Crown 8vo. ioj. 6d.
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MA CLEAR.—-Works by the Rev. G-, F. Maclear, B.D., Head
Master of King's College School, and Preacher at the Temple
Church :

—

— A CLASS-BOOK of OLD TESTAMENT HISTORY. Fourth
Edition, with Four Maps. i8mo. cloth, 4s. 6d.

" A work which for fulness and accuracy of information may be confidently
recommended to teachers as one of the best text-books of Scripture History
which can be put into a pupil's hands."

—

Educational Times.

— A CLASS-BOOK of NEW TESTAMENT HISTORY : in-

cluding the Connection of the Old and New Testament. With
Four Maps. Second Edition. i8mo. cloth. ^s. 6d.

** Mr. Maclear has produced in this handy little volume a singularly clear

and orderly arrangement of the Sacred Story. . . . His work is solidly and
completely done."

—

Athenceum.

— A SHILLING BOOK of OLD TESTAMENT HISTORY,
for National and Elementary Schools. With Map. i8mo. cloth.

— A SHILLING BOOK of NEW TESTAMENT HISTORY,
for National and Elementary Schools. With Map. i8mo. cloth.

— CLASS BOOK of the CATECHISM of the CHURCH of

ENGLAND. Second Edition. i8mo. cloth, is. 6d. A Sixpenny
Edition in the Press.

PROCTER.—A HISTORY of the BOOK of COMMON PRAYER :

with a Rationale of its Offices. By Francis Procter, M.A.
Seventh Edition, revised and enlarged. Crown 8vo. 10s. 6d.

In the course of the last twenty years the whole question of Liturgical know-
ledge has been reopened with great learning and accurate research, and it

is mainly with the view of epitomizing their extensive publications, and
correcting by their help the errors and misconceptions which had obtained
currency, that the present volume has been put together.

— AN ELEMENTARY HISTORY of the BOOK of COMMON
PRAYER. By Francis Procter, M.A. Second Edition.

i8mo. is. 6d.

The author having been frequently urged to give a popular abridgment of

his larger work in a form which should be suited for use in schools and for

general readers, has attempted in this book to trace the History of the

Prayer-Book, and to supply to the English reader the general results which
in the larger work are accompanied by elaborate discussions and references

to authorities indispensable to the student. It is hoped that this book may
form a useful manual to assist people generally to a more intelligent use of
the Forms of our Common Prayer.

PSALMS of DAVID Chronologically Arranged. By Four Friends.
An amended version, with Historical Introduction and Explanatory

Notes. Crown 8vo., 10s. 6d.

" It is a work of choice scholarship and rare delicacy of touch and feeling."
—British Quarterly.
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RAMSAY.—THE CATECHISER'S MANUAL; or, the Church
Catechism illustrated and explained, for the use of Clergymen,
Schoolmasters, and Teachers. By Arthur Ramsay, M.A.
Second Edition. i8mo. ix, 6d.

SIMPSON.—AN EPITOME of the HISTORY of the CHRIST-
IAN CHURCH. By William Simpson, M.A. Fourth
Edition. Fcap. 8vo. 3-r. 6d.

SWAINSON.—K HAND-BOOK to BUTLER'S ANALOGY.
By C. A. Swainson, D.D., Norrisian Professor of Divinity at

Cambridge. Crown 8vo. is. 6d.

WESTCOTT.—K GENERAL SURVEY of the HISTORY of the
CANON of the NEW TESTAMENT during the First Four
Centuries. By Brooke Foss Westcott, B.D., Assistant Master
at Harrow. Second Edition, revised. Crown 8vo. 10s. 6d.

The Author has endeavoured to connect the history of the New Testament
Canon with the growth and consolidation of the Church, and to point out
the relation existing between the amount of evidence for the authenticity
of its component parts and the whole mass of Christian literature. Such a
method of inquiry will convey both the truest notion of the connexion of

the written Word with the living Body of Christ, and the surest conviction
of its divine authority.

— INTRODUCTION to the STUDY of the FOUR GOSPELS.
By Brooke Foss Westcott, B.D. Third Edition. Crown
8vo. 1 or. 6d.

This book is intended to be an Introduction to the Study of the Gospels. In
a subject which involves so vast a literature much must have been over-
looked ; but the author has made it a point at least to study the researches
of the great writers, and consciously to neglect none.

— THE BIBLE in the CHURCH. A Popular Account of the

Collection and Reception of the Holy Scriptures in the Christian

Churches. Second Edition. By Brooke Foss Westcott, B.D.
i8mo. clothj 4s. 6d.

" Mr. Westcott has collected and set out in a popular form the principal facts

concerning the history of the Canon of Scripture. The work is executed

with Mr. Westcott's characteristic ability."

—

JournalofSacredLiterature.

WILSON.—AN ENGLISH HEBREW and CHALDEE LEXI-
CON and CONCORDANCE to the more Correct Understanding

of the English translation of the Old Testament, by reference to

the Original Hebrew. By William Wilson, D.D., Canon of

Winchester, late Fellow of Queen's College, Oxford. Second

Edition, carefully Revised. 4to. cloth, 25^.

The aim of this work is, that it should be useful to Clergymen and all per-

sons engaged in the study of the Bible, even when they do not possess a

knowledge of Hebrew ; while able Hebrew scholars have borne testimony

to the help that they themselves have found in it.
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ARNOLD.—A FRENCH ETON ; or, Middle-Class Education and
the State. By Matthew Arnold. Fcap. 8vo. cloth. 2s. 6d.

"A very interesting dissertation on the system of secondary instruction in
France, and on the advisability of copying the system in England."

—

Saturday Review.

— SCHOOLS and UNIVERSITIES on the CONTINENT. 8vo.
10s. 6d.

BLAKE.—A VISIT to some AMERICAN SCHOOLS and COL-
LEGES. By Sophia Jex Blake. Crown 8vo. cloth. 6s.

" Miss Blake gives a living picture of the schools and colleges themselves, in
which that education is carried on. "

—

Pall-Mall Gazette.

"Miss Blake has written an entertaining book upon an important subject;
and while we thank her for some valuable information, we venture to

thank her also for the very agreeable manner in which she imparts it."

—

A thenceum.

"We have not often met with a more interesting work on education than
that before us."

—

Educational Times.

ESSAYS ON A LIBERAL EDUCATION. By Charles Stuart
Parker, M.A., Henry Sidgwick, M.A., Lord Houghton,
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c,
E. E. Bowen, M.A., F.R.A.S., J. W. Hales, M.A., J. M.
Wilson, M.A., F.G.S., F.R.A.S., W. Johnson, M.A. Edited
by the Rev. F. W. Farrar, M.A., F.R.S., late Fellow of Trinity

College, Cambridge ; Fellow of King's College, London ; Assist-

ant Master at Harrow ; Author of "Chapters on Language," &c,
&c. Second Edition. 8vo. cloth, ios. 6d.

FARRAR.—ON SOME DEFECTS IN PUBLIC SCHOOL
EDUCATION. A Lecture delivered at the Royal Institution.

With Notes and Appendices. Crown 8vo. is.

THRING.—EDUCATION AND SCHOOL. By the Rev. Edward
Thring, M.A., Head Master of Uppingham. Second Edition.

Crown 8vo. cloth. 6s.

YOUMANS.—MODERN CULTURE : its True Aims and Require-

ments. A Series of Addresses and Arguments on the Claims of

Scientific Education. Edited by Edward L. Youmans, M.D.
Crown 8vo. Ss. 6d. ^^p'Trr.'^ss.
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